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1. Introduction

Getting computers to understand human languages is important in increasing
the utility of computers. Naturallanguage translation, speech recognition and ge
eration, and programming are typical ways in which suchlmachine comprehension
plays a role. The better this comprehension, the more useful the computer, and
hence there has been considerable current effort devoted to these areas since the
early 1960s.Ironically one truly international human language that tend to be ne-
lected in this connection is mathematics itself.

With a few conventions, Unicodécan encodemany mathematical expressions
in readablenearly plain text. Technically this 20 AOAGKEEQUI AGAA CDAD AGN
EAl AR @A GAA T A AAOUBThe format is linear, butit can be displayed in builtup
presentation form. To distinguish the twokinds of formats in this paper, we refer to
the nearly plain-text format as the linear format and to the built-up presentation
format as thebuilt-up format. This linear format can be used withheuristics based
on the Unicode math properties to recognize mathematical expressions without the
aid of explicit math-on/off commands. The recognitionf AMEARA AU 5T B AAD
strong support for mathematical symbols? Alternatively, the linear format can be
used in® A% U1 ADADEEUA 1 @ 11AA AUEA O3 Oeither with on-off characters
as used in TeX or with a character format attribute in a rictext environment. Use of
math zones is desirable, since the recognitioneuristics are not infallible.

The linear format is more compact and eay to read than [La]TeX34 or
MathML 5 However unlike those formats FOAI AQ @attempt to include all typograph-
ical embellishments Instead we feel i@0RE & EA AIA some embellishments in
the higher-level layer that handlesrich text properties like text and background cd
ors, font size, footnotes, comments, hyperlinks, ettn principle one can extend the
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notation to include the properties of the higher-level layer, but at the cost of e-
duced readability. Hence embedded in a rickiext environment, the linear format
can faithfully represent rich mathematical text, whereas embedded in a plaitext
environment it lacks most rich-text properties and somemathematical typographi-
cal properties. The linear format is primarily concerned with presentation, butit has
some semantic featureghat might seemto be only content oriented, e.g, n-aryands
and function-apply arguments (see Secs. .8 and 3.5). These have been included to
aid in displaying built-up functions with proper typography, but they also helpto
interoperate with math-oriented programs.

Most mathematical expressions can be represented unambiguously the Ii-
near format, from which they can be exported to [LaJeX, MathML, C++, and symbo
ic manipulation programs. The linear format borrows notation from TeXfor ma-
GA ABBA T ABKDEAON T DA AGA RIARO< Al @ Al ABA AGBA 1B AAO TG T h
e.g., for matrces.

A variety of syntax chiaces @n be used for a linear formatThe choices madeén
this paper favora number of criteria: efficient input of mathematical formulag sufi-
cient generality to support high-quality mathematical typography, the ability to
round trip elegant mathematicaltext at least in a richtext environment, and a fo-
mat that resembles a real mathematical notationObviously compromises between
these goals had to be made.

The linear format is useful for 1) inputting mathematical expression$ 2) dis-
playing mathematics by text engines that cannot display abuilt-up format, and 3)
computer programs.For more general storageand interchangeof math expressions
between math-aware programs MathMLand other higherlevel languages aregre-
ferred.

Section 2motivates and illustratesthe linear format for math using the fraction,
subscripts, and superscripts along with a discussion of how the ASCII space U+0020
is used to build up one construct at a time. Section ummarizes the usage ofthe
other constructs along with their relative precedences, which are used to simplify
the notation. Sdion 4 discussesinput methods. Section5 gives ways torecognize
mathematical expressions embdded in ordinary text. Section6 explains how Uh-
icode plain text can be helpil in programming languages.Section7 gives concl-
sions. The appendicegpresent a simplified linear-format grammar and a partial list
of operators.

2. Encoding Simple Math Expressions

Given51 BN AADG) T CGEppil GO ABA ABEG relative to ASCII, how much
better can a plaintext encoding of mathematical expressions look using Unicode?
The most welkknown ASCII encoding of such expressions is that of TeX, so we use it
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for comparison. MathML is more verbose than TeX¥nd someof the comparisons
APV D BOAOx Alis. T & KEGA Af C4A80BEA 1T A A GDMRGDE GA G AA Al A
engineering communities, a casual glance at its representatisiof mathematical &-
pressions reveals that they do not look very much like theexpressions they
repGAA @)@not easy to make algebraic calculationby hand AFERIU O C4A8@
notation. With Unicode, one can represent mathematical expressions more readably,
and the resulting nearly plain text can often be usedwith few or no modifications
for such calculations. This capability is considerably enhanced by using the linear
format in a system that can also display and edit the mathematics in builfp form.

The presentsectionintroduces the linear formatwith fractions, subscripts, and
superscripts. It concludes with a subsection on how the ASCIl space character
U+0020 is used to build up one construct at a time. This is a key idea timaakesthe
linear format ideal for inputting mathematical formulae. In general where syntax
and semantic choicesvere made,input convenience was given higlpriority .

2.1 Fractions

One way to specify draction linearly is La4A8&\ frac{numerator}{denominator} .
The {} are not printed when the fraction is built up. These simple rules immediately
FERAADAE Gad EAOBuUnambiguous, but looks quite different from the corre-
ponding mathematical notation, thereby making it harer to read.

Instead we define a simple operand to consist of all consecutive letters aroe-
cimal digits, i.e., a span ddlphanumeric characters those belonging to the Lx and Nd
General Categoriegsee The Unicode Standard.0! Table 42. General Category)As
such, a simple numerator or denominator is terminated bynost nonalphanumeric
characters, including, for example, arithmetic operators, theéblank (U+0020), and
Unicode charactes in the ranges U+2200? U+23FF, U+2500? U+27FF, and
U+2900» U+2AFFE The fraction operator is given by theisual solidus/ (U+002P.
So the simple builtup fraction

v TT

[AAN

3.
appears inlinear format asabd d. To force a displayof a normal-sizelinear fraction,
onecan use\/ (backslash followed by slash).

For more complicated operands (such as those that include operators), pare
theses (), brackets [], or braces {} can be used to enclose the desiredharacter
combinations. If parentheses are uskand the outermost parentheses ar@receded
and followed by operators,those parentheses arenot displayed in built-up form,
since usually one does not want to see such parenthes&n the plain text & + c)/ d
displays as

AR
a9
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In practice, this approach leads to plain text that is easier to read thdra4 A8&hA&H
\ frac{a + c{d}, since in many cases, parentheses are not needed, while TeX requires
{}@B 41 AGAGAAEDIAUT Athe outermost parentheses one ercloses them in turn,
within parentheses, which then become the outermosparentheses.For example,
((a+c))/ ddisplays as
O+ ®
Q

A really neat feature of this notation is that the plain text is, in factften a leg-
timate mathematical notation in its own right, so it is relatively easy to readCm-
trast this with the MathML version, which (with no parentheseg reads as

<mfrac>
<mrow>
<mi>a</mi>
<mo>+</mo>
<mi>c</mi>
</mrow>
<mi>d</mi>
</mfrac>

N s~ An A

(which one might input by typing\ sdiv) builds up to a skewed fraction @A GEEHR |
OAES5Cccpu (\Idiv) builds up to a potentially large linear fraction and the circled
slash S (U+2298, \ ndiv) builds up a small numeric fraction (although characters
other than digits can be used as well)The three kinds of builtup fractions are illu-
strated by

’(§b2+ ®w o+ o'o,Q , (I)-'o-o(:) %+ Q
ot @ 0"

The same notatioral syntax EOO0M AFOA GRIVED x ERE FOIFEAABVKEE T = KT |
fraction bar. The stack is used to create binomial coefficients and the stack operator

EO5(\ atop). For example, the binomial theorem
¢

. 5ol 8 ""z" 7 i,
O+ we = e OWF
; Q
&0
in linear format reads as(see Sec3.4 for a discussion of then-aryand @& opera-
tor V)

(a+b)*nEB jk=0)"n U (n! k) a*k b*(n-k),
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where (n} k) is the binomial coefficient for the combinations oh items groupedk at
a time. The summation limits use the subscript/superscript notation discussedn
the next subsection

2.2  Subscripts and Superscripts
30AGADMA A GRAGIGP® AR A ADQRERMACOTALTA Gl NOEA GRAAAAIAS

Specifically, we introduce a subscript by a subscript operator, which we display as
the ASCII underscore _ as in TeX simple subscript operand consists of the string of
oneor more characters with the General Categoriesxd(alphabetic) and Nd (decimal
digits), as well as the invisible commaFor example, a pair of subscripts, such as

is written as] _* ’ . Similarly, superscripts are introduced by a superscript operatr,
which we display as theASCII * as in TeXSoa*b meansé$. A niceenhancement for
atext processing system with buildup capabilitiesis to display the _ as a small $u
script down arrow and the » as a small superscript up arrow, in order to convethe
semantics of these buildup operators in a math context.

Compound subscripts and superscripts include expressions within parentlse
es, square brackets, and curly braces. 5o, is written as] _(* + *).In addition it is
worthwhile to treat two more operators, the comma and the period, in special ways.
Specifically, if a subscript operand is followed directly by a comma or a period that
is, in turn, followed by whitespace, then the comma or period appears on line, i.e., is
treated as the operator tha terminates the subscript. However a comna or period
followed by an alphanumericis treated as part of the subscript. This refinement k-
viates the need for many overriding parentheses, thereby yielding a more readable
linear-format text (see Sec. 3.14 fomore discussion of comma and period)

Another kind of compound subscript is a subscripted subscript, which works
using right-to-left associativity, e.g.a_b_c stands forcy,, Similarly a*b”c stands for

Parentheses are needed for constructs such as a subscripted superscript like
¢$%, which is given bya”(b_c), sincea™b_cdisplays asdﬁj (as doesa _c*b). The build-
up program is responsible for figuring out what the subscript or superscript base is.
Typically the base is just a single math italic character like tha in these examples.
But it could be a bracketed expression or the name ofraathematical function like
sin as in sin*2x, which renders assin? w(see Sec3.5 for more discussion of this
case). It can also be an operator, as in the examplesand =. In Indic and other
cluster-oriented scripts the base is by default the cluster preceding the ssbript or
superscript operator.

As an example of a slightly moreamplicated example, consider the expression
o'q E’j,, Lo which can be written with the linear format @ ~3f | 1" 1,2, where Unicode

numeric subscripts are usedin TeX, one types
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$WA3\beta} {delta_NArho_1\sigma_2}$

The TeX version looksimpler using Unicodd AZOGEAQU Al I A AUA7Y cor} f 1
mA ¢oAT OA7V cor }_{ imA2}$, since Unicode has a full set of decimal subscripts and
superscripts. As a practical matter, numeric subscripts are typically enteredising
an underscore and the numberfollowed by a space or an operator, so the major
simplification is that fewer brackets are needed.
For the ratio
E
13473

the linear-format text can readas| RY( | Fo+ Ridpx EBAthe standard TeX version
reads as

$$\ alpha_2'3 \over\beta_2'3 +\ gamma_23$$-

The linear-format text is a legitimate mathematical expression, while the TeX we
sion bears no resemblance to a mathematical expression.
TeX becomes cumbersome for longer equations such as

| ) &\
0%, =Y +—“12 o ﬁni e
1 1.2 11 8 | YJF

1 1.2

Alinear-format version of this reads as

7 11mAY of B5 1w of CoTUw ¢ K 4+ 120A18 5 11w ¢r-1 8
5 mAY pr 5 mAY 'Y

while the standard TeX version reads as

$$W_{ delta_1rho_1\sigma_2M3\beta}
=U {delta_Arho_1¥Y3\beta}+ {1\over 8\ pi*2}
\int_{\alpha_1}*)\ alpha_2} d ABEA ¢d\ left[
{U_{delta_2rho_1}{2\beta}-\ ADEA ¢6
U_{4rho_1\sigma 2P1\beta}\over
U {irho_1\sigma_ 2P0\ beta}} \right] $$ .

2.3 Use of the Blank (Space) Character

The ASCII space character U+0020 is rarely needed for explicit spacing of built
up text since the spacing around operators is should be provided automatically by
the math display engine (Sec. 3.18iscusses this automatic spacing)Howeverthe
space characteiis very useful for delimiting the operands of the lineafformat nota-
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tion. When the space plays this role, it is eliminated upon build up. So if you type
\APEA AT x AAAUAGARA D A0 hEA DARABOAE B ARA x EAl A | GEIABROEA
\alpha. Similarlya_1 b_2 builds up asub. with no intervening space.

Another example is that a space following the denominator of a fraction is
eliminated, since it causes the fraction to build up. If a space precedes the numerator
of a fraction, the space is eliminatedince it may be necessaryo delimit the start of
the numerator. Similarly if a space is used before a functieapply construct (see Sec.
3.5) or before above/below scripts (see Sec. 3.3), it is eliminated since it delimits the
start of those constructs.

In a nested subscript/superscript expression, the space builds up one script at

a time. For example, to build um”b”c to a®®, two spaces are needed if spaces are
used for build up. Some other operator like + builds up the wholexpression, since
the operands are unambiguously terminated by such operators.

In TeX, the space character is also used to delimit control words likalpha
and does not appear in buikCb A0 8 AFHON AR ARG AN 4A8®CNA Al A EAli-
T1AAOAD ABDBMat in TeX, blanks are invariably eliminated in buitup display,
x EAGMOR @A 18 AOAD ADAIAI EOGAOA T ®AAE B BAGN AOor keywords do re-
sult in spacing.Additional spacing characters are discussed in Sec. 3.15.

One displayed use for spaces in overriding the algorithm that decides that an
A A GOG AarAg AT PAGND OIEEA cTOMBDA AQB)/AHIT x AA AU A (ARCEA
1 DAGND OOA T GAAGRA @ AA A AQU Al A A PARA 5 DAEDIAURASIDARRO AR AG
used to obtain the correct spacing around aama, period, and colon in various co-
texts (see Sec. 3.14).

3. Encoding Other Math Expressions

The previous section describeshow we encode fractions, subscripts and supe
scripts in the linear format and gives a feel for that formatThe current section -
saibes how we encode other mathematical constructs using this approach and ends
with a more formal discussion of the linear format.

3.1 Delimiters

Brackets [], braces {}, and parentheses { represent themselves in the U-
icode plain text, and a word processig system capable of displaying buitp formu-
las shouldbe able toenlarge @Al @& ADAD O A x EA®DE A A 8In general we
refer to such characters aslelimiters. A delimited pair need not consist of the same
B AOT AN EAABE OAN DIANKDAAD 1PA xEEfr A AAI AR xEE} and one
sees this usage in some mathematical document¥he closing delimiter can have a
subscript and/or a superscript. Delimiters are calledfencesn MathML.

8 UnicodeTechnical Note28
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These choices suffice for most cases of interest. But to allow for use afedimi-
ter without a matching delimiter and to overrule the open/close character otlelimi-
ters, the special keywords open and\ close can be usedlhesetranslate to the box-
drawings characters andt , respectively.Box drawings characters are used for
GAI DAl TAI AAAE ERCOAAMOR BAUAN D EAIUD AACRRA ADT ABA AGRA Aca-
racters and they are readily available in fontslf used before anyAEAMBOEATD &
a delimiter of the opposite sensethe open/closedelimiter acts as an invisible de4
miter, defining the corresponding end of a delimited expressionA common use of

. wfw 0
Bl wif < 0’
which has the linear format®x| = {T (&x" if "x| ™ M&X" if "x < O} " (see Sec3.19
for a discussion of theequation-array operator T ).

The open/close delimiterscan beused to overrule the normal open/close ch-
racter of delimiters as in the admittedlystrange, but nevertheless sometimes used,
AAGHET Ga + brchx ERE EAOGA 18 AMOAED AOB Ja+bt ¢dNote that a blank fd-
IIxECA TPA 1O0AT RAANE EROOGAR 4B All x Al 1EA ANE EROG AA
followed by a normal delimiter without interpreting the pair as a single delimiter.
See also Se@&.18 on how to make arbitrary groupings.If @@ needs to be treated as
an empty open delimiter when it appears before a delimiter like | or ], follow the
by a space to force the opexdelimiter inte rpretation.

The usageof open and close delimitersin the linear format is admittedly a
compromise between the explicit nature of TeXand the desire for a legitimate math
notation, but the flexibility canbe worth the compromiseespecially when interope-
rating with ordinarily built -up text such asin a WYSIWYG math systenieX uses
\ left and \ right for this purpose instead of\ open and\ close. We use the latter since
they apply to right-to-left mathematics used in many Arabic locales as well as to the
usual left-to-right mathematics.

Absolute values are represented by the ASCII vertical bar | (U+007C). The
evenness of its count at any given bracketesting leveltypically determines wheth-
er the vertical baris a close |. Specitally, the first appearanceis considered to be an
open | (unless subscripted or superscripted) the next a close (unless following an
operator), the next an open |, and so forth.

Nested absolute values can be handlashambiguously by discarding the ou-
ermost parentheses within anabsolute value. For example, the bulip expression
||| - lyl| can havethe linear format |(|x|My])|. Some cases, such as this one, can be
parsed without the clarifying parentheses by noting that a vertical bar | directly fio
lowing an operator is an open |. But the exampled|bM]|d| needs the clarifying @a-
rentheses since it can be interpreted as either §b@{c|d|) or |a(|bM])d|. The usual
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algorithm gives the former, so if one wants the latter without the inner parentheses,
one can type |@|bM|d)|.

Another case where we treat | as a close delimiter is if it is followed by a space
(U+0020). This handles the important case of the bra vector in Dirac notation. For
example, the quantum mechanical density operatonhas the definition

= Gsds
r
where the vertical bars can be input using the ASCII vertical bar.

If a | is followed by a subscript and/or a superscriptand has no corresponding
open |, it istreated as a script base character, i.eapt a delimiter. Its built-up size
should be the heidpt of the integral sign in the current display/inline mode.

The Unicode norm delimiter U+2016 f£or \norm) has the sameopen/close
definitions as the absolute value character ABARDOFAOEIAx AUOA T GAAGRA & AA
a delimiter.

Delimiters A AG EAR GOAOND @~ EBE EAl 84EA 1E AAOAD AOAI AG ®©
formalize the comma separators of function arguments (MathML does), but it pu
ports the vertical bar separator\vbar, which is represented by the box drawings
light vertical characte (U+2502). We tried using the ASCIl [U+007C) for this
purpose too, but the resulting ambiguitiesare insurmountable in general One case
using U+007C as a separator that can be deciphered is that of the forafl), where
aand b are mathematical expressions. Bufa|b|c) interprets the vertical bars as the
absolute value.And one might want to interpret the | in(a]b) as an open delimiter
x K QAOGA A GA®I 1 A CAT AAAE EAGw ERAEA} B RO AGEAAS)A6) hbCe-
cede the | by , i.e., ¥ |b). The vertical bar separator grows in size to match the size
of the surrounding brackets.

Another common separator is the\ mid character” (U+2223), commonly used
in expressions like ] "Qw = 0}. This separator also grows in size to match the
surrounding brackets andis spaced as a relational.

3.2 Literal Operators

Certain operators like brackets, braces, parentheses, superscript, subscript,
integral, etc, have special meaning irthe linear-format notation. In fact, evena cha-
OVFOIEA @i x ERE ARDIAJO@A GN A glyph in linear format as in builtup form
(aside from a possible size reduction)plays a role in the linear format in that it te-
minates an operand.To remove the linearformat role of such an operator we pre-
cedeit AUGEA GEBON 1 DAOND GhAEOx EEEE the backslash\ is handy. Sd [ is displayed
as an ordinary left square bracket, with no attempt by theuild-up software to
match a corresponding right square bracketSuchquotedoperators are automatica-
ly included in the current operand.

10 UnicodeTechnical Note28
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Linear format operators always consist of a single Unicode character, although
a control word like \ open may be used to input the charactetJsing a single chare-
ter has the advantage of being globalized, since the control word typically looks like
English. Users can deae other control words that look like words in other languay-
es just so long as they map into the appropriate operator characters. A slight epee
tion to the single-character operator rule occurs for accent operators that arepa
plied to two or more charaders (see Sec. 3.)0For these the accent combining mark
may be preceded by a ndreak space for the sake of readability. Another advantage
of using operator characters rather than control words is that the buileup
processing is simplified and therefore dster.

3.3  Prescripts and Above/Below Scripts

A special parenthesizedsyntax is used to form prescripts, that is, subscripts
and superscripts that precede their base. For this ¢*b)a creates the prescripted
variable 2 a. Variables can have both prescripts and postscripts (ordinary

sub/superscripts).

Below scripts and abovescripts are represented in general by the line drawing
operators \below (1 ) and \above @ ), respectively. Hence the expression
lim;o 4, G can be represented by lim (n3 Hda_n Since the operationgdet, gcd, inf,
lim, lim inf, lim sup, max, min,Pr, and sup are common, their below scripts are also
accessible by the sual subscript operator _. Sin display mode,lim;o, 3 can also
be represented by lim_03 Hb) a_n which is alittle easier to typethan limn (n3 HQ
an

Although for illustration purposes, the belowscript examples are showrhere
in-line with the script below, ordinarily this choice isonly for display-mode math.
When inline, below and abovescriptsentered with _ and “are shown as subscripts
and superscripts, respectively, as are the limits fon-ary operators. When entered
with 1 andv , they remain below and above scripts iine. If an above/below op-
erator or a subscript/superscript operator is preceded by an operatorthat operator
becomes the base. See Sec. 3.8 for some examples.

3.4 n-ary Operators

n-ary operators like integral, summation and product are sub/superscripted or
above/below operators that have AGEA AT Al QEA O-AQA Axssi OGAE GQAh
the n-aryand is the integrand, and for the summationE@®the summand. For both
@B QOBVERA A AN Al GBABpOm GOEdOVE 0 BA @8 EAR n-aryands. In the
linear format, this is done by following the sub/superscriptedn-ary operator by the
naryand concatenation orator \ naryand (U) which is U+2592. The operand that

Unicode Technical Not€8 11
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follows this operator becomes then-aryand. For example, the lineaformat expres-
sion K aUxH x/( x2+a"2) hasthe built up form

0 W+ ¥
where xH x/ (x*2+a"2) is the integrand and H is the Unicode differential character
U+2146. Unlike with the fraction numerator and denominator, the outermost @-
rentheses of an-aryand are not removed on buildup, since parentheses are oo
monly used to delimit compoundn-aryands. Notice that theH character automai-
cally leads to a small space between thiand the'Qwand by default displays as a
math-italic Qwhen it appears in a math zone

To delimit more complicatedn-aryands without using parentheses otbrackets
of some kind, use tha begin\end (i 1T see Sec3.18) delimiters, which disappear
on build up.

Since\ T AQA A @EAI 1 G @EEAT Al Anthe alias\ of can be used. Thisla
so works as an alias for\ funcapply in math function contexts (see Sec. 3.5This
AROBI T EARA AU & AAOIEA GEABE GQN A1 1t d A of xdx is onehalf b

Sometimes one wants to control the positions of the limit expressions expliei
ly aOF OOF C4A8®\ limits (upper limit above, lower below) and \ nolimits (upper
limit as superscript and lower as subscript) control words. To this end, if tha-ary
operator is followed by the digit 1, the limit expressions are displayed above and
below the n-ary operator and if followed by the digit 2, they are displayed as supe
script and subscript.More completely, the number can be one of the first four of the
following along with neither or one of the last two

nLimitsDefault 0
nLimitsUnderOver 1
nLimitsSubSup 2
nUpperLimitAsSuperScript 3
fDontGrowWithContent 64
fGrowWithContent 128

3.5 Mathematical Functions
- ABA AR A8 ABTOGYE AOG@KET 111 AT A ABT OIEA G 6 G GA AA
recognized as such and not italicizedAs such they are treated as ordinary text (see

A A

Sec. 3.16))] AAMEET EDAAGONIAD Al x GA x KE @A)l GBAIA&D AGET | PBIU
operator U+2061 (\ funcapply). This is aspecial binary operator and the opeand
that follows it is the function argument.In converting to built-up form, this operator
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transforms its operands into a tweargument object that renders with the proper
spacing for mathematical functions.

If the Function Apply operator is immediately followed by a subscript or 8-
perscript expresson, that expression should be applied to the function name and
the Function Apply operator moved passed the modified name to bind the operand
that follows as the function argument. For example, the function siix falls into this
category.

Unlike with the fraction numerator and denominator, the outermost pare-
theses of the second operand of the functieapply operator are not removed on
buildup, since parentheses are commonly used to delimit function arguments. To
delimit a more complicated arguments withait using parentheses or brackets of
some kind, use thé 1 delimiters (\begin \end) which disappear on build up.If
AGVEADAR ORMEAUA A AR ACRAA TN O | bR EA A AR T OATT A @
For examplesin @ wmeanssin @ x @ To getsin] 1 o O where dis part of the
argument, one can use skfuncapply(\ omega\ omega_ 0)t, or enclose the argument
inT 1 delimiters.

Since\ /A ABIU B) ®EA | | GDE @REATA Ah\ of can be used in function
apply contexts.\ of autocorrects toU (U+25927 \ naryand, see Sec. 3.4), but context
can GERFOEOA T O EAl GG T A GOR84 EFDAROIDT T EOARA AUGH QN AROIEEA GHEA
sine of 2x equals twice thesine of x times the cosine of& i.e.sin2®= 2 sin Gcosk

If a function name has a space in it, e.f GPHEA DA OGFERN GA AUA
no-break space (U+00AO0) as described in Sec. 3.15. If an ordinary ASCII space were

~An A

OOMNDx | GAE DIUACHA i ABEAGE 648 A8
3.6 Square Roots and Radicals

Square, cube, and quartic roots can be represented bypressions started by
the corresponding Unicode radical character#! (U+221A \sqrt), 2 (U+221B,\ cbrt),
and3 (U+221C\qgdrt). These operators include the operand that follows. Examples
are VMlabd¥j a+b) andz (c+d), which display as/idxn &+ ¢y and Vid+ Q, respective-
ly. In general, then® 01 OGVEA O GBARRA GA AUA ABARGHET 1EA Vjn&a),
where a is the complete radicand. Anything following the closing parenthesis is not
part of the radicand.For example V(¢ &+ 6 displays asVid+ @

3.7 Enclosures

To enclose an expression in arectangle one uses therectangle operator
(U+25AD) followed by the operand representing the expression. This syntax is sim
lar to that for the square root.For example (0= & ¢#2) displays a. The
same approach is used to put an overbar above an expression, namely follow the
overbar operator ~ (U+00AF) by the desired operand. For an underbar, use the o
erator (U+2581).
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In general therectangle function can represent any combination of borders,
horizontal, vertical, and diagonal strikeouts and enclosure formsdefined by the
MathML <menclose> element, except for roots, whichare representedas discussed
in the previous Section The general syntaXor enclosing an expressiorwis (€ &),
where ¢ is a mask consisting of any combination of the following flags:

fBoxHideTop 1
fBoxHideBottom 2
fBoxHidelL et 4
fBoxHideRight 8
fBoxStrikeH 16
fBoxStrikeV 32

fBoxStrikeTLBR 64
fBoxStrikeBLTR | 128

It is anticipated that the enclosure format number n is chosen via some kind of

friendly user interface, but at least the choice can be preserved in the linear format.

Note that the overbar function can also be given by (2&«) and the underbar by
(8&W).

Other enclosures such as rounded bg circle, long division, actuarial, and le
lipse can be encoded as for the rectangle operator but usirappropriate Unicode
characters (not yet chosen here).

An abstract box can be put around an expressianto change alignment spac-
ing category, sizestyle, and other properties. This is defined byd (£&¢), whered is
U+25A1 and¢ can be a combination of one Align option, one Space option, one Size
option and any flags in the following table

nAlignBaseline
nAlignCenter
nSpaceDefault
nSpaeUnary
nSpaceBinary
nSpaceRelational | 12

o |~ O |- O

nSpaceSkip 16
nSpaceOrd 20
nSpaceDifferential| 24
nSizeDefault 0
nSizeText 32
nSizeScript 64

nSizeScriptScript | 96
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fBreakable 128
fXPositioning 256
fXSpacing 512

3.8 Stretchy Characters

In addition to overbars and underbars, stretchable brackets are used inanm
thematical text. & OAZA DIANEAGT ARGRGVROAT A O ARG AR AD
"Otimes
W+ E+
W+ O+ &
>0
The linear formats for these are (x+E +x)*(k "times") and (x+y+z)_(>0), respec-

tively. Here the subscript and superscript operators are used for convenient e
board entry (and compatibility with TeX); one can also use Se.3® Ae-
low/abovescript operators, respectively. The horizontal stretchable brackets are
given in the followingtable

U+23DC
U+23DD
U+23DE
U+23DF
U+23E0
U+23B4 | Y
U+23B5

<v

There are many other characters that can stretch horizontally to fit text, such
as various horizontal arrows. There are four configurationsa stretch character
aboveor below a baselinetext, andtext above orbelow a baselinestretched charac-
ter. lllustrating the linear format for these four cases with thestretchy character3
and the text®+ ¢ we have

v kbt o
(W+w ©° |[B+w
o + jod O o + 5
(w+ W wJJJw
v o W+
O w+w 4
O u+ 5
(0+ ) | o
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3.9 Matrices
- AABAOAR GO GAAUAT T GET Raud@E gAO0 428 Al AUAN Ax-

pression of the form

O (exp[& exp® @8 exph1[& exp®B

where O is the matrix character U+25A0 and@ is usedto terminate rows, except
for the last row which is terminated by the closing paren This causesexp to be

aligned over expn-1, etc., to build up a nxm matrix array, where n is the maximum

number of elements in a row andm is the number of rows. The matrix is ca-

structed with enough columnsto accommodate the row with the largest number of
entries, with rows having fewer entries given sufficient null entrieso keep the table
nxm. As an example, (6G&O@&C) displays as

® Q

3.10 Accent Operators

Mathematics often has accented characters. Simple primed characters lié&
are represented by the character followed by the Unicode prime U+203%hich can
be typed in using the ASCII apostrophe Double primed characters have two b+
icode primes, etc.In addition, Unicode has multiple prime characters that render
with somewhat different spacing than concatenations of U+2032The primes are
special in that they need to be superscripted with appropriate use of heavier glyph
variants (see Sec. 3.12)

The ASCII asterisk is raised in ordinary text, but in a math zone it gets tran
lated into U+2217, which is placed on the math axis as the +. To make it a supe
script or subscript, the user has to include it in a superscript or subscript expression.
For example a*2 has the linear format version a”*2 or a’(*2). Here for convenience,
the asterisk is treated as an openad character if it follows a sulscript or superscript
operator.

Other kinds of accented characters can be represented by Unicode combining
mark sequences. The combining marks are tond in the Unicode ranges U3300?
U+036F and U+20DQz U+20FF.The most commonmath accents are summarized in
the following table

\ hat U+0302
\ check | U+030C
\tilde | U+0303
\acute | U+0301

%: E:| E:| Ex
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\ grave | U+0300
\ dot U+0307
\ddot | U+0308
\'dddot | U+20DB
\ bar U+0304
\vec U+20D7

B:|E:|E:| E:| E= (§|:(

If a combining mark should be applied to more than one character or to arx-e
pression, that character or expression should be enclosed in parentheses and fo
lowed by the combining mark. Since this construct looks funny when rendered by
plain-text programs, a nebreak space (U+00AQ) can appear in between the pare
theses and the combining markFor example,(&+ ¢) ienders as®+ wwhen built
up. Special cases of this notaon include overscoring (use U+0305) and undersae
ing (use U+0332) mathematical expressions.

The combining marks are treated by a mathematics renderer as operators that
translate into special accent builtup functions with the proper spacingfor mathe-
matical variables.

3.11 Differential, Exponential, and Imaginary = Symbols

Unicode containsa number of special doublestruck math italic symbols that
are useful for both typographical and semantic purposes. These are U+2245
U+2149 for doublestruck D, d, e, i, and j (G hHh' RIRK | respectively. They have the
meanings of differential, differential, natural exponent, imaginary unit, and imadg
nary unit, respectively.

In US patent applications these characters should be rendered @$H i WK as
defined, but inregular US technical publications, these quantities can be rendered as
math italic. In European technical publications, theyare sometimesrendered as
upright characters. Furthermore the D and d start a differential expression and
should have appropriate spacing for differentials. The linear format treats these
symbols as operand characters, but the display routines should provide the appr
priate glyphs and spacingsSee Sec. 3.4 for an example of an integral usthg

3.12 Unicode Subscripts and Superscripts

Unicode contains a small set of mostly numeric superscripts (U+00B2, U+00B3,
U+00B9, U+2076 U+207F) and a similar set of subscripts (U+2080 U+208F) that
should be rendered the same way that scripts of the corresponding script nesting
level would be rendered. To perform this translation, these characters can be
treated as highprecedence operators, spans of which combine into the correspdn
ing superscripts or subscripts when built up.Since numeric subscripts and supe

Unicode Technical Not€8 17



Unicode Nearly Pain Text Encoding of Mathematics

scripts are very common in mathematicsEax | GiEx EFA @N OAGE CAAG AN Gin-
dard built-up scripts in built-up format and the Unicode scripts in linear format.

The prime U+2032 and related multiple prime characters should also be
treated as superscript operatos. Display routines should usean appropriate glyph
variant to render the superscripted prime. The ASCII apostrophe can be used to i
put the prime. When it follows a variable, e.g¢f® it should be converted into a 8-
perscript function with a as the base and the prime as the supers&@)@AO Hn-
portant to merge the prime into a superscript that follows, e.ggeecwshould display
as(#, where both the prime and thec are in the same superscript argument.

3.13 Concatenation Operators

rome N o

are concatenated with their surrounding textin built-up form. In addition a cona-
tenation operator has two effects: 1) it terminates whatever operand precedes it,
and 2) it implies appropriate surrounding space asliscussed inSec. 3.15 alongvith
the mathematical spacing tables of the fonSincethe spacing around operators is
well-defined in this way, the user rarely needs to add explicit space characters.

3.14 Comma, Period, and Colon

The comma, period, and colon haveontext sensitvespacing requirements that
can be represented in the linear format.

Comma: when surrounded by ASCII digits render with ordinary text
spacing. Else treat as punctuation with or without an ASCII blank l[fo
lowing it. In either punctuation case the comma is displayed with a
small space following it. If two spaces follow, the comma is rendered as
a clause separator (a relatively large space follows the comma).

Period : when surrounded by ASCII digits render with ordinary text
spacing. Else treat as punaation with or without an ASCII blank fd-
lowing it. In either punctuation case the period is displayed with a small
space following it. No clause separator option exists for the periodn
extended decimaitpoint heuristic useful in calculator scenarios athws
one to omit a leading 0, e.g., use numbers like .5. For this if the perised
followed by an ASCII digit andl) is at the start of a math zone, 2Jol-
lows a built-up math object start character or endof-argument charac-
ter, or 3) follows any operator except for closers and punctuation, then
the period should be classified as a decimal point. With this algorithm,
a/.3 displays as
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w
3

Colon: <space>CBis displayed asUnicode RATIO U+2236vith relation-
al spacing Gwithout aleading space iglisplayed as itself with punctua-
tion spacing.

3.15 Space Characters

Unicode contains numerous space characters with various widths and prope
ties. These characters can be useful in tweaking the spacing in mathematical exgre
sions. Unlike the ASCII spac&shich is removedwhen causingbuild up asdiscussed
in Sec. 2.3the other spaces arenot removed on build up. Spaces of interest include
the no-break space(U+00AOQ) and the spaces U+2009 U+200B, 202F, 205F.

In mathematical typography, the widths of spaces arasually given in integral
multiples of an eighteenth of an em. The em space is given by U+20@&rious space
width s are defined in the following table which includes thecorresponding MathML
nameshaving these widths by default

Space Unicode MathML name Autocorrect
Oem U+200B zero-width space \ zwsp
1/18 em | U+200A veryverythinmathspace | \ hairsp
2/18 em | U+200A U+200A | verythinmathspace
3/18 em | U+2006 thinmathspace \ thinsp
4/18 em | U+205F mediummathspace \ medsp
5/18 em | U+2005 thickmathspace \ thicksp
6/18 em | U+2004 verythickmathspace \ vthicksp
7/18 em | U+2004 U+200A | veryverythickmathspace
9/18 em | U+2002 ensp \ ensp
18/18 em | U+2003 emsp \emsp
U+00AQ0 no-break space \ nbsp

In general, spaces act as concatenation operators and cause build up of higher
DPORAAT AR T DAGND D EAOPGRAAAA AT 8" QOKBOME AO @A UAD -width space
(U+200B) to be treated as an operand character and ned cause build up of the
preceding operabr. The no-break space (U+00AO0) is used when two words need to
be separated by a blank, but remain on the same line togeth@he nobreak space is
also treated as an operand character so thalinear format combinations like
O G Al A OF info can berecognized as singleoperands. If an ASCII space
(U+0020) were used MBOGA O chidx 1 GA E BIUACEA Co 1 ABA O 6 A8 AR,
OQ\BAOEA ARE CPDACD AFAGE GDPoi O0] H &A AT .
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In math zones, most spacing is automatically implied by thproperties of the
characters. The following table shows examples of how many 1/18of an em size
are automatically inserted between a charactewith the row property followed by a
character with the column property for text-level expressions(see also p170 of The
TeXbookand Appendix F of the MathML 2.0 specificatign

ord unary | binary rel open | close | punct
ord 0 0 4 5 0 0 0
unary 0 0 4 0 0 0 0
binary 4 4 0 0 4 0 0
rel 5 5 0 0 5 0 0
open 0 0 0 0 0 0 0
close 0 0 4 5 0 0 0
punct 3 3 0 3 3 3 3

For the combinations described bythis simple table, all scriptlevel spacings are 0,
but a more complete tablewould have somenonzero values. For example, in thexe
pression®+ & the lettersa and b havethe ord (ordinary) property, while the+ has
the binary property in this context. Accordinglyfor the text level there is 4/18t em
between thea and the+ and between the+ and the b. Similarly there is 5/18th em
between the = and the surrounding letters in the equatiom= ¢ A more complete
table could include properties like math functions (trigopnometric functions, etc.),n-
ary operators, tall delimiters, differentials, subformulas (e.g., expression with an
over brace), binary with no spacing (e.g., /)lause separéors, ellipsis, factorial, and
invisible function apply.

The zerowidth space (U+200B,\ zwsp) is handy for use as a null argument.
For example, the expressiom, shows the subscriptéxoautomatically kerned in
under the overhang of theD. To prevent this kerning, one can insert fizwsp before
the subscript, which then displays unkerned af .

3.16 Ordinary Text Inside Math Zones

Sometimes one wants ordinary text inside a function argumentr in a math
zoneas in the formula
distance

rate = — .
time

For such cases, the alphabetic characters should not be converted to math alphiabe
ic characters and the typography should be that of ordinary text, not math text. To
embed such text inside functions or in general in a math zone, the tesan be en-
closed inside ASCII double quotes. So th@mula abovewould read in linear format
as
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"rate"="distance'/ "time".

If you want to include a double quote inside such text, insekt'. Another example is
sin—= 0%+ cc.41 GQOEA G8d AOT G\ A Gah Al Al QR Ox KE | 3#)) Al QAIA
NG GG EAC BER @A ADx B AAENEERA A A GADAGE AOx Bl EAAG T A DAMA A-
ter them.

Alternatively ordinary text inside a math zonecan be specified using a chara
ter-format property. This property is exported to plain text started and ended with
the ASClldouble quote Note that no math object or math text can be nested inside
an ordinary text region. Instead if you paste a math object or text into an ordinary
text region, you splitthe region into two such regions with the math objectand/ or
text in between.

3.17 Phantoms and Smashes

Sometimes one wants to obtain horizontal and/or vertical spacings that differ
from the normal values. In [La]TeX this can be accomplished using phantomsito
troduce extra space or smashes to zero out space. In the linear format, six special
cases are defined as in the following table

Autocorrect | LF op Op name width | ascent| descent| ink
\ phantom U+27E1 | white concavesided diamond w a d no
\ hphantom U+2B04 | white left-right arrow w 0 0 no
\vphantom | ¢ U+21F3 | white up-down arrow 0 a d no
\ smash U+2B0D | black up-down arrow w 0 0 yes
\ asmash U+2B06 | black up arrow w 0 d yes
\ dsmash U+2B07 | black down arrow w a 0 yes

The general case is given byphantom(n&<operand>), wheren is any combnation
of the following flags:

fPhantomShow 1
fPhantomZeroWidth 2
fPhantomZeroAscent 4
fPhantomZeroDescent 8
fPhantomTransparent 16

3.18 Arbitrary Groupings

The left/right white lenticular bracketsi andl (U+3016 and U+3017) can be
used to delimit an arbitrary expression without displaying these brackets on build
up. The elimination of outermost parentheses for arguments of fractions, subscripts,
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