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1. Intr oduction

Getting computers to understand human languages is important in increasing
the utility of computers. Natural-language translation, speech recognition and gen-
eration, and programming are typical ways in which such machine comprehension
plays a role. The better this comprehension, the more useful the computer, and
hence there has been considerable current effort devoted to these areas since the
early 1960s.Ironicaly one truly international human language that tends to be neg-
lected in this connection is mathematics itself.

With a few conventions, Unicode! can encode most mathematical expressions
in readable nearly plain text. Technicaly this 20 AJDAGEEQT ATAA G A AN
EAl AR BA G T AD AAOUBBThe format is linear, but it can be displayed in built-up
presentation form. To distinguish the two kinds of formats in this paper, we refer to
the nearly plain-text format as the linear format and to the built-up presentation
format as the built-up format. This linear format can be used with heuristics based
on the Unicode math properties to recognize mathematica expressions without the
aid of explicit math-on/ off commands. The recognition B AMEARA AU 51 A ARD
strong support for mathematical symbols? Alternatively, the linear format can be
OO | AE QI T ADADIEE) A 1 @ 1A AU BA O3 Oeither with on-off characters
as used in TeX or with a character format attribute in arich-text environment. Use of
math zones is desirable, since the recognition heuristics are not infallible.

The linear format is more compact and easy to read than [La]TeX3# or
MathML.5 However unlike those for mats, Al AQ @attempt to include all typograph-
ica embellishments. Instead we feel i@ORA @ EA AIA some embellishments in
the higher-level layer that handles rich text properties like text and background col-
or, font size, footnotes, comments, hyperlinks, etc. In principle one can extend the
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notation to include the properties of the higher-level layer, but at the cost of re-
duced readability. Hence embedded in a rich-text environment, the linear format
can faithfully represent rich mathematica text, whereas embedded in a plain-text
environment it lacks most rich-text properties and some mathematica typographi-
ca properties. The linear format is primarily concerned with presentation, but it has
some semantic features that might seem to be only content oriented, e.g., n-aryands
and function-apply arguments (see Secs.3.4 and 3.5). These have been included to
aid in displaying built-up functions with proper typography, but they also help inte-
roper ate with math-oriented programs.

Most mathematical expressions up through calculus can be represented unam-
biguously in the linear format, from which they can be exported to [La] TeX, MathML,
C++4, and symbolic manipulation programs. The linear format borrows notation from
TeX for mathematica objectO@AOAI T A A BAl RIAROx Al @ AT ABA ABBA i-
near notation, e.g., for matrices.

A variety of syntax choices can be used for alinear format. The choicesmade in
this paper favor efficient input of mathematical formulae, sufficient generality to
support high-quality mathematica typography, the ability to round trip elegant ma-
thematical text at least in a rich-text environment, and a format that resembles a
real mathematical notation. Gbviously compromises between these goals had to be
made.

The linear format is useful for 1) inputting technical text, 2) displaying such
text by text engines that cannot display a built-up format, and 3) computer pro-
grams. For more general storage and interchange of math expressions between
math-awar e programs, MathML and other higher-level languages ar e preferred.

Section 2 motivates and illustrates the linear format for math using the fraction,
subscripts, and superscripts along with a discussion of how the ASClispace U+0020
is used to build up one construct at a time. Section 3 summarizes the usage of the
other constructs along with their relative precedences, which are used to simplify
the notation. Section 4 discusses input methods. Section 5 gives ways to recognize
mathematical expressions embedded in ordinary text. Section 6 explains how Un-
icode plain text can be helpful in programming languages. Section 7 gives conclu-
sions. The appendices present a simplified linear-format grammar and a partial list
of operators.

2. Encoding S mple Math Expressions

Given 51 Bl AA& strong support for mathematics? relative to ASCI| how much
better can a plain-text encoding of mathematical expressions look using Unicode?
The most well-known ASCllencoding of such expressionsis that of TeX, so we useit
for comparison. MathML is more verbose than TeX and some of the comparisons
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ABDIU @ BAOX AiI8. T & EEGN A C4A8GBEA 11 A A GORRRGOE @A ORI AA AT A
engineering communities, a casual glance at its representations of mathematical ex-
pressons reveas that they do not look very much like the expressions they
GeAR @)@not easy to make algebraic caculations by hand AERIU OGF C4A8@
notation. With Unicode, one can represent mathematical expressons more readably,
and the resulting nearly plain text can often be used with few or no modifications
for such calculations. This capability is considerably enhanced by using the linear
format in asystem that can also display and edit the mathematicsin built-up form.

The present section introducesthe linear format with fractions, subscripts,and
superscripts. It concludes with a subsection on how the ASCII space character
U+0020 is used to build up one construct at atime. Thisis a key idea that makes the
linear format ideal for inputting mathematical formulae. In general where syntax
and semantic choiceswere made, input conveniencewas given high priority.

2.1 Fractions

One way to specify a fraction linearly is La4A8&\ frac{numerator }{denominator}.
The {} are not printed when the fraction is built up. These simple rules immediately
R A ®AE Gad EAODHA Al A GhAGDIT T EONGEA AN OB | GA A @hs-
ponding mathematical notation, thereby making it harder to read.

Instead, we define a simple operand to consist of all consecutive letters and
decimal digits, i.e., a span of alphanumeric characters, those belonging to the Lx and
Nd CGeneral Caegories (see The Unicode Sandard 4.0, Table 4-2. General Category).
As such,asimple numerator or denominator is terminated by most nonalphanumer -
ic characters, including, for example, arithmetic operators, the blank (U+0020), Un-
icode characters U+2200 z U+23FF, and U+2500 7z U+2AFF. Thefraction operator is
given by the usual solidus/ (U+002F). S the simple built-up fraction

6.
appears in linear format as abc/ d. To force a display of the linear fraction, one can
use\/ (backslashfollowed by slash).

For more complicated operands (such as those that include operators), paren-
theses (), brackets [ ], or braces {} can be used to enclose the desired character
combinations. If parenthesesare used and the outer most parentheses ar e preceded
and followed by operators, those parentheses are not displayed in built-up form,
since usually one does not want to see such parentheses. S the plain text (a+c)/d
displays as

O+ @
a9
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In practice, this approach leads to plain text that is easier to read than La4A8&hAZH
\ frac{a + c}{d}, since in many cases, parentheses are not needed, while TeX requires
{}a@B 41 A GAAEDIAUT Ahe outer most parentheses, one encloses them, in turn,
within parentheses, which then become the outermost parentheses. For example,
((a+c))/ddisplays as
jao+ Sl
a9
Areally neat feature of this notation is that the plain text is, in fact, often a legi-
timate mathematica notation in its own right, so it is relatively easy to read. Gon-
trast this with the MathML version,which (with no parentheses) reads as

<mfrac>
<mrow>
<mi>a</ mi>
<mo>+</ mo>
<mi>c</ mi>
</ mrow>
<mi>d</ mi>
</ mfrac>

Three built-up fraction variations are available: A G8VE T GAGO6 5CcTrt
(which one might input by typing \ sdivide) builds up to a skewed fraction, A G-
GET OAG65Cccpu (\Idivide) builds up to apotentially largelinear fraction, and the
circled slash S (U+2298, \ ndivide) builds up a small numeric fraction (although

charactersother than digits can be used as well).

The same notational syntax EDXORA AFOA GRS x EFE OIEAAGNE T x EET 1
fraction bar. The stack is used to create binomial coefficients and the stack operator
OO\ atop) . For example, the binomial theorem

8 Y
- 5 - € AT
jo+r o = TQo)Qqu

@0
in linear format reads as (see Sec. 3.4 for adiscussion of the n-aryand operator U)
(a+b)*nEB jk=0)"nU (n! k) a*k b*(n-k),

where (n| k) isthe binomial coefficient for the combinations of n items grouped k at
a time. The summation limits use the subscript/ superscript notation discussed in
the next subsection.
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2.2 Subscriptsand Superscripts
Subscripts and superscripts are A ADQRERMACOGEAGA G NOEA GRAAAAIAS

Specifically, we introduce a subscript by a subsaipt operator, which we display as
the ASCllundersore _asin TeX. A simple subsaipt operand consists of the string of
one or more characters with the General Categories Lx (alphabetic) and Nd (decimal
digits), as well as the invisible comma. For example, a pair of subscripts,such as] .-
iswritten as] ‘' . Similarly, superscripts are introduced by a superscript operator,
which we display as the ASCII* asin TeX. Soa*b means ¢%. A nice enhancement for
a text processing system with build-up capabilities is to display the _as a small sub-
script down arrow and the  as asmall superscript up arrow, in order to convey the
semantics of thesebuild-up operators in a math context.

Campound subscripts and superscripts include expressions within parenthes-
es,square brackets,and curly braces. 7 . ;- iswrittenas] _(* + ' ).In addition it is
worthwhile to treat two more oper ator s,the comma and the period, in special ways.
Specifically, if a subscript operand is followed directly by a comma or a period that
is,in turn, followed by whitespace, then the comma or period appearson line,ie., is
treated as the operator that terminates the subscript. However a comma or period
followed by an alphanumeric is treated as part of the subscript. This refinement ob-
viates the need for many overriding parentheses, thereby yielding a more readable
linear-format text (see Sec.3.14 for mor e discussion of comma and period).

Another kind of compound subscript is a subsaipted subscript, which works
using right-to-left associativity, e.g, a_b_c stands for ¢y, Smilarly a*b”c stands for

Parentheses are needed for constructs such as a subscripted superscript like
¢$%, which is given by a*(b ¢), sincea™b c displays as utg (asdoes a c*b). The build-
up program is responsible for figuring out what the subsaipt or superscript baseis.
Typicaly the baseis just a single math italic character like the a in these examples.
But it could be a bracketed expresson or the name of a mathematica function like
sin as in sin*2 x, which renders assin? w(see Sec. 3.5 for more discussion of this
case). It can also be an operator, as in the examples +1 and =2. In Indic and other
cluster-oriented scripts the baseis by default the cluster preceding the subscript or
super script operator.

As an example of a slightly more complicated example, consider the expression

o'ﬁl,, 2 which can be written with the linear format @”~3f | ;" 1.2, where Unicode

numeric subscripts are used. In TeX, one types

$WA{3\ beta} {\delta 1\rho _1\sigma 2}$
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The TeX version looks simpler using Unicode for the symbols,namely $W"{3r} § 1
mA coAT OA7 v aor }_fl imA2}$, since Unicode has a full set of decimal subsaipts and
superscripts. As a practical matter, numeric subscripts are typicaly entered using
an undersare and the number followed by a space or an operator, so the major
simplification is that fewer brackets are needed.
For theratio
| 3
13+13

the linear-format text canread as| RY (I Fo+ RO EBAthe standard TeX version
readsas

$$\ alpha_2*3\over \beta_2'3 +\gamma_2'3%$$-

The linear-format text is a legitimate mathematical expression, while the TeX ver-
sion bears no resemblanceto amathematical expression.
TeX becomes cumbersome for longer equations such as

¥ &

03 =" + 1T aeYzlnl |2Y:ul"2
‘*M"l.,z‘ ﬁl"l g2 ‘ Q3 P
1

"1 2

A linear -for mat ver sion of this reads as

7 11mAY of E5 Jawy of CoFgnY ¢ Kk v {20A1 8¢5 1wy ¢ -1 &
5 mAY pr 5 mAY 1Y

while the standard TeX version reads as

$SW_{\delta Nrho_2Asigma 2" {3\ beta}
=U {delta_N\rho_1}*{3\ beta} +{1 \over 8\ pi*2}
\int_{\ alpha_1}*{\ alpha_2 d\ APEA ¢b\ left[
{U {\delta_N\rho_1*{2\beta} -\ APEA ¢&
U {rho_1\sigma_ Z"{1\beta}\ over
U {rho_21 sigma Z"{0\ beta}} \right] $$.

2.3 Use of the Blank (Space) Character

The ASCllIspace character U+0020 israrely needed for explicit spacing of built-
up text since the spacing around operators is should be provided automaticaly by
the math display engine (Sec. 3.15 discusses this automatic spacing). However the
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space character is very useful for delimiting the operands of the linear-format nota-
tion. When the space plays this role, it is eliminated upon build up. S if you type
\ APEA BT x AA AUAAA O RO hEA DARAOAIE  ABA x EAl @A | (RBlaces the
\ alpha. Smilarly a_1 b_2builds up as aib2 with no intervening space.

Another example is that a space following the denominator of a fraction is
eliminated, since it causes the fraction to build up. If aspaceprecedes the numer ator
of afraction, the spaceis eliminated since it may be necessary to delimit the start of
the numerator. Similarly if a spaceis used before afunction-apply construct (see Sec.
3.5) or before abovel below saipts (see Sec. 3.3), it is eliminated since it delimits
the start of thoseconstructs.

In anested subsaipt/ superscript expression, the space builds up one script at

a time. For example, to build up a*b”c to b, two spaces are needed if spaces are
used for build up. Some other operator like + builds up the whole expression, since
the operands are unambiguously terminated by such operators.

In TeX, the space character is also used to delimit control words like \ alpha
and does not appear in built-Cb A0 8 AN AAAAX AN 4A88CACA and the Ii-
TAOAD ABDBDEAOE 4A8hAIA EOAR B O\GAAIU AIE B ABA £ ACHGup display,
x EAGVMOR @AIE AAOAED AQAIA EOGAQA T &OAAIE D PAON AQor keywords do re-
sult in spacing. Additional spacing characters are discussed in Sec. 3.15.

One displayed use for spacesis in overriding the algorithm that decides that an
A A GOG AQrAE AT RRONDOIEEA CTOM A AQB)AEIT x AA AUA GAMhEA
1 DAODOBA 1 GAAGM @ AA AR AQU Al A GA A B DAEDIARASIDARO AR AG
used to obtain the correct spacing around comma, period, and colon in various con-
texts (see Sec. 3.14).

3. Encoding Other Math Expressions

The previous section desaibes how we encode fractions, subscripts and super-
scripts in the linear format and gives a feel for that format. The current section de-
scribes how we encode other mathematical constructs using this approachand ends
with a more formal discussion of the linear format.

3.1 Delimiters

Brackets [ ], braces { }, and parentheses () represent themselves in the Un-
icode plain text, and a word processing system capable of displaying built-up for mu-
las should be able to enlarge Al @ ADAG G A x EAGOE GAA Al 8In general we
refer to such characters as delimiters. A delimited pair need not consist of the same
kinds of delimE3aB&I OAN DIANKDOAA D 1PA xKE r AA Al A xEE | and one
sees this usage in some mathematical documents. The closing delimiter can have a
subscript and/ or a supersaipt. Delimiters are called fencesin MathML.
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These choices suffice for most cases of inter est. But to allow for useof a delimi-
ter without a matching delimiter and to overrule the open/ close cha acter of delimi-
ters, the special keywords\ open and \ closecan be used. Thesetranslate to the box-
drawings characters3 and!t ,respectively. Box drawings characters are used for
@A DAl TAT R AAE @GDAAMCE/SUM QEAUG AAGRA AT ACE/SJ mfw Aca-
racters and they are readily available in fonts.)ARA AMERA UAEAD! G &
a delimiter of the opposite sense, the open/ close delimiter acts as an invisible deli-
miter, defining the corresponding end of a delimited expression. A common use of

GOBOEA FAFANATE T, suchas

wif w< 0
which has the linear format ((x) = {T (&x"if "x| ™ M&X"if "x<0)* "(see Sc.3.19
for adiscussion of the equation-array operator T ).

The open/ close delimiters can be used to overrule the normal open/ close cha-
racter of delimiters as in the admittedly strange, but nevertheless sometimes used,
ABGRGHET Ot + bréhx EEE EAOGAIE AMOAD ADB ]atbt #@Note that a blank fol-
I xECA TPA T OAI RANE BOBOGRAB SAEDDD Alll x Al T DAl AR B3OD AA
followed by a normal delimiter without combining the two into a single delimiter.
See also Sec. 3.18 on how to make arbitrary groupings.

The usage of open and close delimiters in the linear format is admittedly a
compromise between the explicit nature of TeX and the desire for a legitimate math
notation, but the flexibility can be worth the compromise especially when interope-
rating with ordinarily built-up text such as in a WYSWYG math system. TeX uses
\ left and \ right for this purpose instead of \ open and \ close. We use the latter since
they apply to right-to-left mathematicsused in many Arabic locales as well as to the
usual left-to-right mathematics.

Absolute values are represented by the ASCllvertical bar | (U+007C). The
evenness of its count at any given bracket nesting level typically determines wheth-
er the vertica bar is aclose |. ecificaly, the first appearanceis considered to bean
open | (unlesssubsaipted or superscripted), the next a close| (unlessfollowing an
operator), the next an open |, and so forth.

Nested absolute values can be handled unambiguously by discarding the out-
ermost parentheses within an absolute value. For example, the built-up expression

||| - |yl| can have the linear format |(| x|My])|]. Same cases,such as this one, can be
parsed without the clarifying parentheses by noting that a vertica bar | directly fol-
lowing an operator is an open |. But the example |a|bM|d| needs the clarifying pa-
rentheses sinceit can be interpreted as either (| a|bQ¥ c|d|) or |a(| bM]) d|. The usual
algorithm givesthe former, so if one wants the latter without the inner parentheses,
one cantype |(albM|d)]| .

Unicode Technical Note 9
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Another casewhere we treat | as a closedelimiter isif it is followed by a space
(U+0020). This handles the important case of the bravector in Dirac notation. For
example, the quantum mechanical density operator mhasthe definition

"= 0 g0ds
[
wher e the vertical barscan be input using the ASCllvertical bar.

If a| isfollowed by a subscript and/ or a superscript and has no corresponding
open |, it is treated as a saipt base character, i.e., not a delimiter. Its built-up size
should be the height of the integral sign in the current display/i nline mode.

The Unicode norm delimiter U+2016 (& has the same open/ close definitions
as the absolute value character | ABRPOEACKIOAx AUOA T GBLARA O AAA Aelimiter.

Delimiters Al AG EAOA GPAOND D x KEEE EAl 84FEA 1B A0 D ADATAQ
formalize the comma separators of function arguments (MathML does), but it sup-
portsthe vertica bar separator, which is represented by the box drawings light ver-
tical character] (U+2502). Wetried using the ASCII| (U+007C) for this purposetoo,
but the resulting ambiguities are insurmountable in general. One caseusing U+007C
as a separator that can be deciphered is that of the form (alb), where aand bare
mathematical expressions. But (a|b|c) interprets the vertical bars as the absolute
value. The vertica bar separator grows in size to match the size of the surrounding
brackets.

Another common separator is the \ mid character ™ (U+2223), commonly used
in expressions like {w| "@ad= 0}. This separator also grows in size to match the
surrounding brackets and is spaced asarelational.

3.2 Literal Operators

Cetain operators like brackets, braces, parentheses, superscript, subsaipt,
integral, etc., have special meaning in the linear-for mat notation. In fact, even a cha-
OVBOIEA @ihx ERE ABDAOEA GV A dUBE B 18 AAOAD AOAOE AGEGUp form
(aside from a possible size reduction), plays a role in the linear format in that it
terminates an operand. To remove the linear-format role of such an operator, we
precede it AU @A GERON 1 DAOND GihAEOx ERE @A backslash \ is handy. S \[ is dis-
played as an ordinary left square bracket, with no attempt by the build-up software
to match a corresponding right square bracket. Such quoted operator s are automati-
caly included in the current operand.

Linear format operators always consist of a single Unicode char acter, although
a control word like \ open may be used to input the character. Using a single charac-
ter has the advantage of being globalized, since the control word typically looks like
English. Users can define other control words that look like words in other languag-
es just so long as they map into the appropriate operator characters. A slight excep-
tion to the single-character operator rule occus for accernt operators that are ap-
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plied to two or more characters (see Sec. 3.10). For these the accernt combining
mark may be preceded by a no-break space for the sake of readability. Another ad-
vantage of using operator characters rather than control words is that the build-up
processingis simplified and therefor e faster.

3.3 Prescriptsand Above/ Below Scripts

A special parenthesized syntax is used to form prescripts, that is, subscripts
and superscripts that precede their base. For this (_c"b)a creates the prescripted
variable Ea. Variables can have both prescripts and postscripts (ordinary

sub/ superscripts).
Below scripts and above scripts arerepresented in general by the line drawing
operators \ below (1 ) and \ above (v ), respectively. Hence the expression ‘Iiongbd%
€

can be represented by limn  (n3 HJa_n Since the operations det, gcd, inf, lim, lim

inf, lim sup, max, min, Pr,and sup are common, their below scripts are also accesi-

ble by the usual subscript operator _. So in display mode, ‘Iiomkbdbe can also be
€

represented by lim_(n3 H) a_n which s a little easier to type than limn (n3 HCda _n

Although for illustration purposes, the belowscript examples are shown here
in-line with the script below, ordinarily this choice is only for display-mode math.
When inline, below- and abovescripts entered with _and ” are shown as subscripts
and supersaipts, respectively, as are the limits for n-ary operators. When entered
withn and v , they remain below and above scripts in-line. If an above/ below op-
erator or a subscript/ superscript operator is preceded by an operator, that operator
becomes the base. See Sec. 3.8 for some examples.

3.4 n-ary Operators

n-ary operators like integral, summation and product are sub/ super scripted or
above/ below operators that have AGEA AT Al QEA -AQUAT Adesl OGA E GQOAh
the n-aryand is the integrand, and for the summation, E@the summand. For both
@b QOBERA Al AN Al B b0 GO OE @ BA @8 Bese n-aryands. In the
linear format, this is done by following the sub/ super scripted n-ary operator by the
naryand concatenation operator \ naryand (U) which is U+2592. The operand that
follows this operator becomes the n-aryand. For example, the linear-format expres-
sion K *alxH x/ (x*2+a"2) has the built up form

0 WP+ GF

where xH x/ (x*2+a"2) is the integrand and H is the Unicode differential character
U+2 146. Unlike with the fraction numerator and denominator, the outermost pa-
rentheses of a n-aryand are not removed on buildup, since parentheses are com-
monly used to delimit compound n-aryands.

Unicode Technical Note 11
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To delimit more complicated n-aryands without using parentheses or brackets
of some kind, use the \begin \end (I T see Sec.3.18) delimiters, which disappear
on build up.

Since\T AQA A OEAT 1 GOF @EEAT Al A@EAR Bthe alias \ of that can be
used. This also works as an alias for \ funcapply in math function contexts (see Sec.
35). AEOARODI | EABA AU & AROIEEA GEAE BQON /B m 0 to b of xdx isone-

Sametimes one wants to control the positions of the limit expressions explicit-
IUAOE OOE C4A8@\ limits (upper limit above, lower below) and \ nolimits (upper
limit as supersaipt and lower as subscript) control words. To this end, if the n-ary
operator is followed by the digit 1, the limit expressions are displayed above and
below the n-ary operator and if followed by the digit 2, they are displayed as super -
script and subscript. More completely, the number can be one of the first four of the
following along with neither or one of the last two

nLimitsDefault 0
nLimitsUnder Over 1
nLimitsubup 2
nUpper LimitAsSuper Sript 3
fDontGrow WithContent 64
G owWithGontent 128

3.5 Mathematical Functions

Mathematical func@1 OGYE AO@KE] 111 AGRA A AET OIEA G 6 3 GA AA
recognized as such and not italicized. As such they are treated as ordinary text (see
Sec.3.16). )] AMEET EOAAGONIAD Al x GA x KE GA)l GEAIAG AE1T ! BRIV
operator U+2061 (\ funcaoply). This is a special binary operator and the operand
that follows it is the function argument. In converting to built-up form, this operator
transforms its operands into a two-argument object that renders with the proper
spacing for mathematical functions.

If the Function Apply operator is immediately followed by a subsaipt or su-
perscript expresson, that expression should be applied to the function name and
the Function Apply operator moved passed the modified name to bind the operand
that follows as the function argument. For example, the function sin2 x falls into this
category.

Unlike with the fraction numerator and denominator, the outermost paren-
theses of the second operand of the function-apply operator are not removed on
buildup, since parentheses are commonly used to delimit function arguments. To
delimit a more complicated arguments without using parentheses or brackets of
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some kind, usethel T delimiters which disappear on build up. If brackets are used,
GRUA AGRDE AGMRAA T @I QA | DR EAA AETOAC A B

Since \ A APPIU B &A most intuitive name, \ of can be used in function-
apply contexts.\of autocorrects to U (U+25927 \ naryand, see Sec. 3.4), but context
can A BEOA 1 ON Bl OO T A OO EBDARODI | EAGA AU @i AROIFEA GIEA
sine of 2x equals twice the sine of x times the cosine of xg, i.e., sin 2= 2 sinwcosk

VAL AET TA ABBOAARE EALEOE GCDch@EA AR OGN GA AUA
no-break space (U+00AQ) as described in Sec. 3.15. If an ordinary ASClIspace were

~ An

used, it would imply build CbT ZEAGE 648 AE18

3.6 Sguare Roots and Radicals

Square, cube, and quartic roots can be represented by expressions started by
the corresponding Unicode radical characters 1 (U+221A,\ sart), 2 (U+221B,\ cbrt),
and 3 (U+221C \ gdrt). These operators include the operand that follows. Examples
are Vabch Vjat+b) and #(c+d), which display as6xmy Moo+ @, and o+ Q,
tively. In general, the n@& O 1 OOMBA ©GBRR GAAUA AT 1EA M n&a),
where a is the complete radicand. Anything following the closing parenthesis is not
part of theradicand. For example, VI(¢ &&+ &) displays as &+ @

3.7 Enclosures

To enclose an expression in a rectangle one uses the rectangle operator
(U+25AD) followed by the operand representing the expression. This syntax is simi-

lar to that for the squareroot. For example (O= & (2) displaysas. The
same approach is used to put an overbar above an expression, namely follow the
overbar operator (U+00AF) by the desired operand. For an underbar, use the op-
erator (U+2581).

In general the rectangle function can represent any combination of borders,
horizontal, vertical, and diagonal strikeouts, and enclosure forms defined by the
MathML <menclose> element, except for roots, which are represented as discussed
in the previous Section. The general syntax for enclosing an expression wis (£&a),
where ¢ is a mask consisting of any combination of the following flags:

fBoxLeft
fBoxTop
fBoxRight
fBoxBottom
fBoxBLTRSrike| 16
fBoXTLBRIrike| 32
fBoxVSrike 64
fBoxHSrike 128

|~ (N[
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It is anticipated that the enclosure format number n is chosen via some kind of

friendly user interface, but at least the choice can be preserved in the linear format.

Note that the overbar function can also be given by (2&w) and the underbar by
(8&0).

Other enclosures such as rounded box, circle, long division, actuarial, and el-
lipse can be encoded as for the rectangle operator but using appropriate Unicode
characters(not yet chosen here).

An abstract box can be put around an expression x to change alignment, spac-
ing category, size style, and other properties. This is defined by 6 (£&¢6), where & is
U+25A1 and ¢ can be a combination of one Align option, one Sace option, one Size
option and any flagsin the following table:

nAlignBaseli ne 0
nAlignCent er 1
nSpaceDefault 0
nSpaceUnary 4
nSpaceBinary 8
nSpaceRelational | 12
nSpaceXip 16
nSpaceOrd 20
nSzeDefault 0
nSzeText 32
nSzecript 64
nSzecriptScript | 96
fBreakable 128
fXPositioning 256
fXSacing 512

3.8 Stretchy Characters
In addition to overbars and underbars, stretchable brackets are used in ma-

thematical text. & OAZAN BIANGAGD AZONOWROAT A GROAGWAA0 AR AD

Qtimes
o+ E+ o
W+ O+ Q
>0
The linear formats for these are (x+E +x)" (k "times") and (x+y+z) (>0), re-
spectively. Here the subsaipt and superscript operators are used for convenient
keyboard entry (and compatibility with TeX); one can also use Sec. 3.3@® Ae-
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low/ abovescript operators, respectively. The horizontal stretchéble brackets are
given in the following table

U+23DC
U+23DD
U+23DE
U+23DF
U+23E0
U+23B4 | Y
U+23B5 | Y

There are many other characters that can stretch horizontally to fit text, such
as various horizontal arrows. There are four configurations: a stretch character
above or below a baseline text, and text above or below a baseline stretched charac-
ter. lllustrating the linear format for these four cases with the stretchy character 3
and the text &>+ @ we have

(O+ Qv 3 (O+Yn3 33 (H+ Q) 30 (&O+ Q)

which look like

MR o > a+b

W+ w w+ W o —_—
LILEP a+b

3.9 Matrices
- AGRROARGRORN GAAUAT T @E1T RQUGE BAOD 4436 Al AUA Ax-

pression of the form

O (exp1[& exp2B @8 expn-1[& expn B

where O is the matrix character U+25A0 and @ is used to terminate rows, except
for the last row which is terminated by the closing paren. This causes exp: to be
aligned over expn-1, etc, to build up an nxm matrix array, where n is the maximum
number of elements in a row and m is the number of rows. The matrix is con-
structed with enough columns to acaommodate the row with the largest number of
entries,with rows having fewer entries given sufficient null entries to keep the table
nxm. Asan example, ((&a@c&Q) displays as

EEs
O Ex
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3.10 Accent Operators

Mathematics often has accerted characters. Simple primed cha acters like ¢5*
are represented by the character followed by the Unicode prime U+2032, which can
be typed in using the ASCIlapostrophe '. Double primed characters have two Un-
icode primes, etc. In addition, Unicode has multiple prime characters that render
with somewhat different spacing than concatenations of U+2032. The primes are
special in that they need to be superscripted with appropriate use of heavier glyph
variants (see Sec.3.12).

The ASCllasterisk is raised in ordinary text, but in a math zone it gets trans-
lated into U+2217, which is placed on the math axis as the +. To make it a super-
script or subscript, the user has to include it in a super script or subsa ipt expression.
For example, a*2 hasthe linear format version a**2 or a*(* 2). Here for convenience,
the asteriskis treated asan operand character if it follows a subscript or superscript
operator.

Other kinds of accerted characters can be represented by Unicode combining
mark sequences. The combining marks are found in the Unicode ranges U+03007?
U+036F and U+20D0 z U+20FF. The most common accerts in math are summarized
in the following table

\ hat U+0302
\ check | U+030C
\tilde | U+0303
\acute | U+0301
\ grave | U+0300
\ dot U+0307
\ddot | U+0308
\ dddot | U+20DB
\ bar U+0304
\vec U+20D7

If acombining mark should be applied to more than one character or to an ex-
pression, that character or expression should be enclosed in parentheses and fol-
lowed by the combining mark. Since this construct looks funny when rendered by
plain-text programs, a no-break space (U+00AQ) can appear in between the paren-
theses and the combining mark. Special cases of this notation include oversaring
(use U+0305) and underscaing (useU+0332) mathematica expressions.

The combining marks are treated by a mathematicsrenderer asoperators that
translate into special accen built-up functions with the proper spacing for mathe-
matical variables.
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3.11 Differential, Exponential, and Imaginary Symbols

Unicode contains a number of special double-struck math italic symbols that
are usdul for both typographica and semantic purposes. These are U+21452
U+2149 for double-struck D, d, e, i, and j (G hH bt hYhKq respectively. They have the
meanings of differential, differential, natural exponent, imaginary unit, and imagi-
nary unit, respectively.

In US patent applications these characters should berendered as ¢ Hh PhK as
defined, but in regular UStechnica publications, thesequantities can berendered as
math italic. In European technica publications, they are sometimes rendered as
upright characters. Furthermore the D and d start a differential expression and
should have appropriate spacing for differentials. The linear format treats these
symbols as operand characters, but the display routines should provide the appro-
priate glyphs and spacings.

3.12 Unicode Subscripts and Superscripts

Unicode contains a small set of mostly numeric superscripts (U+00B2, U+00B3,
U+00B9, U+20707? U+207F) and asimilar set of subscripts (U+2080? U+208F) that
should be rendered the same way that saipts of the corresponding script nesting
level would be rendered. To perform this translation, these characters can be
treated as high-precedenceoperators, spans of which combine into the correspond-
ing supersaipts or subscripts when built up. Shce numeric subscripts and super -
GOPDARGRUAT 111 & | ABA ABKIOx | GEx EFA @N OAGE CAAG AN Gidn-
dard built-up scripts in built-up format and the Unicode scripts in linear for mat.

The prime U+2032 and related multiple prime chaacters should also be
treated as supersaipt operators. Display routines should use an appropriate glyph
variant to render the supersaipted prime. The ASCllapostrophe can be used to in-
put the prime. When it follows a variable, e.g. 65 it should be converted into a su-
perscript function with a AOGA AR Al A GA B A AOEA GERACHIABE@)@AIG En-
portant to merge the prime into a superscript that follows, e.g, ¢eewshould display
as (3, where both the prime and the carein the same super script argument.

3.13 Concatenation Operators

L1 OGN A B CTDAOND GOAR G T AAGT ABE T 1 DAOND Glbso named because they
are concatenated with their surrounding text in built-up form. In addition a conca-
tenation operator has two effects: 1) it terminates whatever operand precedes it,
and 2) it implies appropriate surrounding space asdiscussed in Sec.3.15 along with
the mathematica spacing tables of the font. Since the spacing around operators is
well-defined in this way, the user rarely needsto add explicit space char acters.
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