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Summary

The Unicode Standard includes virtually all standard characters usedhathematics. This set
supports a wide variety of math usage on computers, including in document presentation la
guages likeTeX, in math markup languages like MathML and OpenMath, in internal represe
tations of mathematics for applications like Mathemati¢aMaple, and MathCAD, in computer
programs, and in plain text. This technical report describes the Unicode support for grath
matics and gives some of the imputed default math properties for Unicode characters.

Status
This documents a proposed update tthe current UTR #25.

A Unicode Technical Report (UTR) contains informative material. Conformance to the
"¢ "@2'OQStandard does not imply conformance to any UTR. Other specifications, however, are
free to make normative references to a UTR.

Pleasesubmit corrigenda and other comments with the online reporting forfadedback Re-
lated information that is useful in understanding this document is found in theferencesFor

the latest version oflte Unicode Standard se&ficodd. For a list of current Unicode Tee
nical Reports seeHeportd. For more information about versions of the Unicode Standard, see
[Versiong.
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1. OVERVIEW

All of science and technology uses formulas, equations, and mathematical notation as part
of the language of the subject. This report presentsdiscussion of the mathematics chare

ter repertoire of the Unicode Standard Dnicode] as used for mathematics, but this disca
sion is intended apply to mathematical notation in general.

Mathematical documents using the Arabic scripuse additional conventions, in particular
when typesetting mathematics from right to left. Such conventions are mentioned, but not
documented here. This report also does not discuss mathematical symbols of purely histo
ical or local interest, such as symols found in ancient mathematical texts or digits used in
script-specific systems for writing numeric quantities.

As described in the Unicode Character Property ModePfopMod], each Unicode character
has associated character progrties. This report describes the properties relevant to the
mathematics character repertoire, including a number of properties that are not yet part of
the Unicode Standard, and details character classifications by usage and by typography. In
addition, this report gives some implementation guidelines for input methods and use of
Unicode math characters in programming languages.

Some of the text of the character block descriptions in the Unicode Standard was based on
early drafts of this report; as a resultthere is significant overlap, although the focus of the
presentation is different. Unlike the information in the standard itself, the information pe-
sented here is purely informative, even where it refers to or gives additional information
about normative features of the standard. As always, wherever there is a discrepancy, the
text of the Standard has precedenc&he notational conventions follow the use inUnicodg].

Character Shapes Shown in this Report.Many of the charactersreferenced in this report
are shown inline with character code, name and an inline shape. Because many mathamat
cal characters require special fonts, which may not be available on all systems, no glyph
may be available to the browser when viewing or printng this report, or the glyph that is
selected by the browser may be dissimilar from that shown, for example, in the Unicode
code charts [Chartg. For that reason, readers are encouraged not to relynathe detailed
appearance of any glyphs displayed inline. In cases of relatively rare or more recentlydad
ed characters, or where some widely available fonts use glyphs that are not suitable in the
context of the discussion, the report does not attempt tprovide a glyph image at all. In
tables and examples, bitmapped images are used.
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2. MATHEMATICAL CHARACT ER REPERTOIRE

The Unicode Standard provides a quite complete set of standard math chams to syp-
port publication of mathematics on and off the web. The early versions of Unicode, through
version 3.0, already included over three hundred matfspecific symbols. Unicode 3.1 intr-
duced almost a thousand new alphanumeric symbols, and Unicode 3#oduced six hun-
dred new characters for operators, arrows, and delimiters for a total of around 2000 &
thematical symbols. The more limited additions to the repertoire in the versions since then
have filled some gaps in coverage, in particular for mappinexisting 1ISO entity sets for pio-
lishing [ISO9573.

The repertoire of mathematical characters in Unicodd is the result of input from many
sources, notably from the STIX Project (Scientific and Technichiformation Exchange)
[STIN, a collaborative project of scientific and technical publishers. The STIX collectiom-i
cludes, but is not limited to, symbols gleaned from mathematical publications by experts
from the American Mathemati@l Society (AMS), and symbol sets provided by Elsevier fru
lishing, the American Physical Society (APS), the American Institute for Physics (AIP), and
the Institute for Electrical and Electronics Engineers (IEEE). This repertoire enables the
display of virtually all standard mathematical symbols. Nevertheless no collection ofan
thematical symbols can ever be considered complete; mathematicians and other scientists
are continually inventing new mathematical symbols, which will be considered for addition
as they become widely accepted in the scientific communities.

Mathematical Markup Languagg - A O E {MathML], an XML application KML], is a ma-
jor beneficiary of theincreased repertoire for mathematical symbols. The W3C Math Wor
ing Group, which developed MathML, lobbied in favor of the inclusion of the new characters.
In addition, the new characters lend themselves to direct plain text encoding of mathetra
ics for various purposes which can be much more compact than MathML ®gX, the type-
setting language and program designed by Donald KnutfifX] (see Section 4Jmplementa-
tion Guideline}.

2.1 Mathematical Alphanumeric SymbolsBlock

The Mathematical Alphanumeric Symbols  block (U+1D400» U+1D7FF) contains a large
collection of letter-like symbols for use in mathematical notation, typically for variables.
The characters in this block are intended for use only in mathematical or technical nat
tion; they are not intended for use in nortechnical text. When used with markup langages,
for example with MathML,the characters are expected to be used directly, insad of ind-
rectly via entity references or by composing them from base letters and style markup.

Words Used as Variables In some specialties, whole words are used as variables, not just
single letters. For these cases, style markup is preferred because tiogtaposition of va-
riables generally implies multiplication, or some other composition, in ordinary mathemt
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ical notation, not word formation as in ordinary text. Markup not only provides the necg
sary scoping in these cases, it also allows the use of ammextended alphabet.

2.2 Mathematical Alphabets

Basic Set of Alphanumeric Characters. Mathematical notation uses a basic set of math
matical alphanumeric characters which consists of:

set of basic Latin digits (0- 9) (U+0030..U+0039)
set of basic uppercaséatin letters (A - Z) (U+0041..U+005A)
set of basic lowercase Latin letters (az) (U+0061..U+007A)
OPDPAOAAOA ' OMAEGS] hOOAOD®S HO0I0GAR 1 AAT A n
digagmmad 5 mo$# h AT A OEA OAOEAT O¢r I £# OEAOA ¢
1 lowercasA ' OAAE -DAOGAOW"p885 mo#w h HI OO OEA
OECI 5 cc¢aes hmoSBC Al IMM A OEA OE@ CIl UDE
AT A Ah CEOAT Yy WIBDH Aamb+@B0 7 U+03D5 0, U+03F1

V,and U+03D6 | .

il
f
1
f

For some claracters in the basic set of Greek characters, two variants of the same character
are included. This is because they can appear in the same mathematical document with di
ferent meanings, even though they would have the same meaning in Greek text.

Mathemati cal Accents.The diacritics, or accents, in mathematical text usually have special
semantic significance different from that of changing the pronunciation of a letter, as is the
case for text accents. Because the use of text accents such as the acute teaard inter-
fere with common mathematical diacritics, only unaccented forms of the letters are used
for mathematical notation. Examples of common mathematical diacritics that can berco
fused with text accents are the circumflex, macron, or the single onodble dot above, the
latter two of which are commonly used in physics to denote derivatives with respect to the
time variable.

Mathematical symbols with diacritics are always represented by combining characteres

quences, except as required by normalizatio8 3 AA 571 EAT AA 3 QdidodeAOA ! 1
Normalization Formsd Narmalization] for more information. Note that normalization

leaves all characters in theViathematical Alphanumeric Symbols  and Letterlike Sy m-

bols blocks unaffected. These blocks contain nearly allghabetic characters used as math

symbols.

Additional Characters . In addition to this basic set, mathematical notation also uses the
bold upper- and lowercase digamma (U+1D7CA and U+1D7CB), and the four Hebrew
derived characters (U+2135..U+2138), for exanlp in &0 for the first transfinite cardinal.
Occasional uses of other alphabetic and numeric characters are known. Examples include
U+0428 1 cyriLLic cAPITAL LEER sHA U+306E— HIRAGANA LETTER Nothe ideograph U+4E2D
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and Eastern Arabielndic digits (U+06F0..U+06F9). However, unlike the characters in the
mathematical alphabets, these characters are only used in a single, basic form.

Dotless Characters.) T 51 EAT AAh OEA AEAOAAOAOO OEa6 AT A C
mathematical alphabets, hae the Soft_Dotted property. Any conformant renderer will &-
move the dot when the character is followed by a nonspacing combining mark above.
Therefore using an individualmathematical italic i or j with math accents would result in
the intended display. Fowever, in mathematical equations an entire sulexpression can be
placed underneath a math accent, for example, when a 'wide hat' is placed on tofX®f Qas

in this example shown together with the corresponding TeX] notation:

KON > TR T
$$\ widehat{\ imath + \jmath} = \ hat{\imath} + \ hat{\ jmath}$$

Whenever a mathematical accent applies to an entire subexpression, a renderer can no
longer rely simply on the presence of an adjacent combining character to substitute the-un
dotted glyph; whether the dots should be removed in such a situation is no longer predic
able. InTEX this decision is left to the author, and some authors would want to use thetdo
ted forms as in $widehat{i + j}$.

In some documentsmathematical italic dotless or | are used explicitly without any can-
bining marks, or even in contrast to the dotted versions. Therefore, the Unicode Standard
provides the explicitly dotless characters U+1D6A4MATHEMATICALITALIC DOTLESS and
U+1D6A5MATHEMATICAUTALICDOTLESS. They map to the ISOAMSO entities imath and jmath
or the [TeX macros\imath and \jmath which by default are always italic. Their appea
ance in the code charts is similar to the shapes documented in the ISB79-13 entity sets
and used byTEX. They do not form case pairs.

Where a math accent is immediately applied to these entities, as in Hat{\imath} +

\ hat{\ jmath}$, they could be mapped tanathematical italic i or j when converting to Un-
icode, but makinggeneral substitutions could result in an unintended appearance or a
change to the document.

Semantic Distinctions. Mathematical notation requires a number of Latin and Greekla
phabets that initially appear to be mere font variations of one another. For er#le, the ld-
ter H can appear as plain or upright{H), bold (€ ), italic ("O, and script (= ). However, in
any given document, these characters have distinct, and usually unrelatedathematical
semantics. For example, a normal H represents a different variable from a bdfj efc. If
these attributes are dropped in plain text, the distinctions are lost and the meaning of the
text is altered.Without the distinctions, the well-known Hamiltonian formula

= = QO+ R
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turns into the integral equation in the variable H:
H= dz(XE? + AH?)

Mathematicians will object that a properly formatted integral equation requires all the le
ters in this example (exceptperhaps for the d) to be initalics. However, because the gt
tinction between= and H has been lost, they would recogniz¢he equation as a fallback
representation of an integral equation, and not as a fallback representation of the HanoHt
nian. By encoding a separate set of alphatstit is possible to preserve such distinctions in
plain text.

Mathematical Alphabets . The alphanumeric symbols encountered in mathematics arewi
en in the following table:

Table 2.1 Mathematical Alphabets

Math Style Characters from Basic Set Location
plain (upright, serifed) Latin, Greek and digits BMP
bold Latin, Greek and digits Plane 1
italic Latin and Greek Plane 1*
bold italic Latin and Greek Plane 1
script (calligraphic) Latin Plane 1*
bold script (calligraphic) Latin Plane 1
Fraktur Latin Plane 1*
bold Fraktur Latin Plane 1
double-struck Latin and digits Plane 1*
sansserif Latin and digits Plane 1
sansserif bold Latin, Greek and digits Plane 1
sansserif italic Latin Plane 1
sansserif bold italic Latin and Greek Plane 1
monospace Latin and digits Plane 1

* Some of these alphabets have characters in the BMP as noted in the following section.

The plain letters have been unified with the existing characters in th&asic Latin and
Greek blocks. There are 24 doublestruck, italic, Fraktur and script characters that already
exist in the Letterlike Symbols block (U+21002 U+214F). These are explicitly unified with
the characters in this block and corresponding holes have been left in the mathematicil a
phabets.

Compatibility Decompositions. All mathematical alphanumeric symbols have compatitH
ty decompositions to the base Latin and Greek lettersfolding away such distinctions,
however, is usually not desirable as it loses the semantic distinctions for whighese cla-
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racters were encoded. SedJnicode Standard Annex #15Unicode Normalization Forms
[Normalization] for more information.

Typical Uses.The following list catalogs eamples of typical uses for some of these styles
without intending to be exhaustive or exclusive.

lightface italic -- variables

double-struck -- sets

bold -- vectors (more physics and applied areas, usually lowercase)

bold italic -- matrices (uppercase)

lightface roman-- operator names (sin, cos, etc.)Jsome constants, units
lowercase Greek- angles

script (caps)-- various operators, functions andtransforms

sansserif -- dimensions of S| base quantities {ISTGuidg, p.23; uncertain
whether lightface or bold)

T bold italic sansserif -- tensors ([NISTGuidg, p.34, also NISTStyld style
sheet)

=A =4 =4 4 4 -4 -4 -4

Arabic Mathematical Alphabets. Arabic mathematical notation (see [Lazrek]) uses ma-
thematical alphabets based on the Arabic script, using, for example, tailed, or outlined
forms. A summary can be found ingenatia]. A problem particular to the use of Arabic le
ters consists d the fact that adjacent Arabic characters ordinarily take on positional shapes,
as described inSection 8.2, Arabiocof [Unicode]l. However, for designating mathematical a-
riables, only certain letter forms are used, and they arexpected to be unaffected by ad}
cent characters.

2.3 Fonts Used for Mathematical Alphabets

Mathematicians place strict requirements on thespecificfonts being used to represent ra-
thematical variables. Readers of a mathematical text need to be abledistinguish single
letter variables from each other, even when they do not appear in close proximity. They
must be able to recognize the letter itself, whether it is part of the text or is a mathematical
variable, and lastly which mathematical alphabet iis from.

Fraktur. The black letter style is often referred to ag-raktur or Gothicin various sources.
Technically, Fraktur and Gothic typefaces are distinct designs from black letter, but any of
several font styles similar in appearance to the forms showm the charts can be used.

Math Italics. Mathematical variables are most commonly set in a form of italics, but not all
italic fonts can be used successfully. In common text fonts, tltalic letter v and the Greek
letter & are not very distinct. A roundeditalic letter 0 is therefore preferred in a mathemai-
cal font, as long as it is distinct from theGreek upsilort. There are other letters which
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sometimes have similar shapes and require special attention to avoid ambigy Examples
are shown in the table below.

italic a ® | | | alpha
italic v (pointed) | v |’ | nu
italic v (rounded) | L | F | upsilon
script X n|..|chi
plain Y Y || | Upsilon

Theorems are commonly printed in a text italic font. A font intended for mathematicalar
riables should support clear visual distinctions so that variables can be reliably separated
from italic text in a theorem. Some languages have common single letter words (Englesh
Scandinaviani, etc.), which can otherwise be easily confused with commaariables.

Hard -to-distinguish Letters . Not all sansserif fonts allow an easy distinction betweeno-
wercase land uppercase land not all monospaced (fixed width) fonts allow a distinction
between theletter | and the digit 1. Such fonts are not usabléor mathematics. In Fraktur,
the letters | and J in particular must be made distinguishable. Overburdened Black Letter
forms like | and J are inappropriate. Similarly, thaligit zero must be distinct from the up-
percase letter Qand the empty set must bedistinct from the letter o with stroke ('@") for

all mathematical alphanumeric sets. Some characters are so similar that even mathematical
fonts do not attempt to provide distinguished glyphs for them. Their use is normally
avoided in mathematical notaton unless no confusion is possible in a given context, fox-e
ample uppercase Aand uppercaseAlpha(A).

Font Support for Combining Diacritics. Mathematical equations require that characters be
combined with diacritics (dots, tilde, circumflex, or arrows alove are common), as well as
followed or preceded by super or subscripted letters or numbers. This requirement leads
to designs foritalic styles that are less inclined, andcript styles that have smaller ove
hangs and less slant than equivalent styles oomonly used for text such as wedding invi-
tions.

Typestyle for Script Characters. In some instances, a deliberate unification with a non
mathematical symbol has been undertaken; for example, U+2138RrirT capiTAL NS UnNified
with the pre-1949 symbol for the German currency uniMark. This unification restricts the
range of glyphs that can be used for this character in the charts. Therefore the font used for
the reference glyphs in the code charts uses a simplified %1 C1 EOE 3 Aézcé&® O 8
mended by the American Mathematical Society. For consistency, other script characters in
the Letterlike Symbols block are now shown in the same typegie.

The two characters U+2113bscripT smaLL,Land U+2118 scrIPT cAapITAL,pare not regular
script characters, despite their character names. The latter is the symbol for tNgeierstrass
elliptic function, a calligraphic letter shape based on the small p, and the former is derived

Unicode Technical Report #25 9
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from a special italic letter shape called an 'ell', and is unified with the common ne®l sym-
bol for the liter [S]]. The characters U+1D4CIBMATHEMATICAIS@RIPTSMALLL and U+1D4AB
V MATHEMATICALSCRIPTCAPITALP are the preferred characters for the script style.

Double-struck Characters. The doublestruck glyphs shown in earlier editions of the sta-
dard attempted to match the design used for all the othelatin characters in the standard,
which is based on Times. The current set of fonts for use in the character code charts was
prepared after consultation with the American Mathematical Society and leading pubhs
ers of mathematics, and shows much simpler fms that are derived from the forms written
on a blackboard. However, this font represents just one possible representation of double
struck characters; both serifed and norserifed forms can be used in mathematical texts,
and inline fonts are found in wokks published by certain publishers. Some fonts differ in
which strokes of a glyph to double, for example the left or right leg of theppercase A
There is no intention to support any of these stylistic preferences via character encoding,
therefore only one set of doublestruck mathematical alphanumeric symbols is encoded.

2.3.1Representative Glyphs for Greek Phi

With Unicode 3.0 and the concurrent second edition of ISO/IEC 1064 the represena-
tive glyphs for U+03C6GREEK. ETTERSMALLPHI 3 and U+03D5GREEKPHISYMBOL« were ex-
changed. In ordinary Greek text, the character U+03CGHis used exclusively, although this
character has considerable glyphic variation, sometimes represented with a glyph more
like the representative glyph shown for U+03C6{ hhe O1 T 1T PUS6 &I Oi q AT A

T s A X s -

glyph more like the representative glyph shown for U+03D5( DEA OOOOAECEOO

the Greektable in the character code chartsChats].

For mathematical and technical use, the straight form of the small phiis an important
symbol and needs to be consistently distinguishable from the loopy form. The straight form
phi glyph is used as the representative glyph for th@hi symbolat U+03D5 to satisfy this
distinction.

The assignment of representative glyphs was reversed in versions of the Unicode Standard
prior to Unicode 3.0. As a result, the character explicitly identified as the mathematical
symbol did not have the straight form of he character that is the preferred glyph for that
use. Furthermore, it made it unnecessarily difficult for general purpose fonts supporting
ordinary Greek text to also add support for Greek letters used as mathematical symbols,
because many of those fontalready used the loopy form glyphg for U+03C6, as preferred
for Greek body text. To support the phi symbol as well, they would have had to disrupt
glyph choices already optimized for Greek text.

When mapping symbol sets or SGML entities to the Unicode Sdard, it is important to
make sure that codes or entities, such asi1, that require the straight form of thephi sym-
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bol be mapped to U+03D5 and not to U+03C6. Mapping to the latter should be reserved for
codes or entities that represent thesmall phiasused in ordinary Greek text.

Fonts used primarily for Greek text may use either glyph form for U+03C6, but fonts that
also intend to support technical use of the Greek letters should use the loopy form ta-e
sure appropriate contrast with the straight formused for U+03D5.

2.3.2Representative Glyphs for U+2278 and U+2279

In Unicode 3.2 the representative glyphs for U+2278 EITHERLESSTHANNORGREATERTHAN
and U+2279NEITHERGREATERTHANNORLESSTHAN were changed from using a vertical a&
cellation to using a slanted cancellation to match the long standing canonical decompos
tions for these characters, which use U+03380MBINING.ONGSOLIDUSVERLAY Irrespective
of this change to the representative glyphs, the symmetric forms using the vertical stroke
remain acceptable glyph variants. Using U+2278 or U+2277n followed by U+20D2cam-
BININGLONGVERTICALLINEOVERLAYepresents these upright variants explicitly.

Except for those fonts created with the intention to add support foboth forms (via comh-
nation of U+2276N or U+2277n with U+20D2 for the upright forms) there is no need to
revise the glyphs for U+2278 and U+2279: the glyphic range implied by using these chara
ter codes encompasses both shapes.

2.4 Locating Mathematical Characters

Mathematical charcters can be located by looking in the code chart€hartg at the blocks
listed below or by checking the Unicode MATH property, which is assigned to characters
that naturally appear in mathematical contexts (seeSection 3,Mathematical Character
Propertieg. In the text of this report, all block names are linked to their correspondingre
line code chart. Mathematical characters can be found in the following blocks:

Table 2.2 Locations of Mathematical Characters

Block Name Range Character Types

Basic Latin U+0021zU+007E Variables, operators, digits*
Greek U+0370zU+03FF Variables*

General Punctuation U+2000zU+206F Spaces, Invisible operators*
Letterlike Symbols U+2100zU+214F Variables*

Arrows U+2190zU+21FF Arrows, arrow-like operators
Mathematical Operators U+2200zU+22FF Operators

Miscellaneous Technical Symbols U+2300zU+23FF Braces, operators*
Geometrical Shapes U+25AQU+25FF Symbols

Misc. Mathematical SymbolsA U+27CQU+27EF Symbols and operators
Supplemental ArrowsA U+27FQU+27FF Arrows, arrow-like operators
Supplemental ArrowsB U+2900zU+297F Arrows, arrow-like operators
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Misc. Mathematical Symbol U+2980zU+29FF Braces, symbols

Suppl. Mathematical Operators U+2A0QzU+2AFF Operators

Misc. Symbols and Arrows U+2B00-U+2BFF Arrows, operators, symbols
Mathematical Alphanumeric Symbols U+1D40QxU+1D7FF Variables and digits

Other blocks 8 Characters for occasional use

*This block contains normathematical characters as well.

2.5 Duplicated Characters

Some Greek letters are encoded elsewhere as technical symbols. These include U+Q0B5
MICRGSIGN U+2126Ll] oHMSIGN and several characters among the APL functional symbols
in the Miscellaneous Technical AT T AE 8 5GEEEWETTORCARITALOMEGAIS the cana-
ical equivalent of U+2126l1 AT A E OO O vkro Edbis ibolidedEih Se@ekalpdrts
of ISO/IEC 8859, and therefore supported in many legacy environments where U+03BC
GREEKLETTERSMALLMU is not available. Implementations therefore need to be able to ce
ognize the micro sign, even thougmuis the preferred character in a Unicode context.

Latin letters duplicated include U+212AK KELVINSIGNand U+212BA ANGSTROMIGN As in
the case of theohm signthe corresponding regular Latin letters are canonical equivalents,
therefore their use is preferred.

The left and right angle bracketsat U+2329 and U+232A have long been canonically eqaiv

lent with the CJK punctuation cheacters Q 6 AT A 60 j 5Conny AlCéonEConmnmw(
equivalence implies that the use of the latter code points is preferred and can be subst

tuted at any time. As a consequence, not only 3008 and 3009 but also the characters 2329

AT A cog! A Odbterd Sdhidode ShakdAr@Annex #11East Asian WidtHEAW).

Unicode 3.2 added two newnathematical angle bracketcharacters (U+27E8 and U+27E9)

that are unequivocally intended for mathematical use and should be used instead of

U+2329 and U+232A.

2.6 Accented Characters

Mathematical characters are often enhanced via use of combining marks in the ranges
U+0300..U+036F and the combining marks for symbols in the range U+20D0..U+20FF.
Thesecharacters follow the base characters as in nemathematical Unicode text. This se
tion discusses these characters and preferred ways of representing accented characters in
mathematical expressions. If a span of characters is enhanced by a combining méok ex-
ample, a tilde over AB, typically some kind of highdevel markup is needed as is done in
[MathML]. Unicode does include some combining marks that are designed to be used for
pairs of characters, for example, U+0360..U+036Rowever, their use for mathematical text

is not encouraged.
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For some mathematical characters, such as many negated relations, there are multiple
ways of expressing the character: as precomposed or as a sequence of base character and
combining mark (see ado Section 2.17Negationg. Having only a single way to represent
any given character would simplify recognizing the character in searches and other man
pulations. Selecting a unique representation among multiple equivalent repsentations is
called normalization. Unicode Standard Annex #15Unicode Normalization Forms
[Normalization] discusses the subject in detail; however, due to requirements afon-
mathematical software, not all the normalization forms presented there are ideal from the
perspective of mathematics.

Ideally, one always uses the shortest form of a math operator symbol wherever possible. So
U+2260E OET OiI A A Anot@quél &gn irste&dl ofGHe Aombining sequence <003D,
0338>. If a negated operator lacking a precomposed form is needed, U+0388MBINING
LONGSOLIDU®VERLAYor U+20D2 COMBINING/ERTICALLONGOVERLAYcan be used to indicate
negation. This approach concurs with Normalization Form C (NFC), which is also thespr
ferred normalization form for use on the web.

On the other hand, for accentedlphabetic characters used as variables, ideally onlyed
composed gquences are used, because mathematics uses a multitude of combining marks
that greatly exceeds the predefined composed characters in Unicode. Accordingly, it ig-be
ter to have the math display facility handle all of these cases uniformly to give a congist
look between characters that happen to have a fully composed Unicode character and those
that do not. The combining character sequences also typically have semantics as a group, so
it is useful to be able to manipulate and search for them individuallywithout the need for
special tables to decompose characters for this purpose. Since there are no precomposed
math alphanumeric symbols, this approach concurs with Normalization Form @xceptfor

the upright alphabetic characters (ASCII letters).

To facilitate interchange on the web, accented characters should conform to NFC when i
terchanged. However, to achieve consistent results, a mathematical display system should
transiently decompose any precomposed upright letters when used in mathematicake
pressions, and should use a single algorithm to place embellishments.

Normalization Form D (NFD) uses the opposite approach from NFC. It works naturally for
mathematical use of alphabetic characters, but does not use the shortest encoding of math
operator symbols, making it less attractive. The other two normalization forms NFKC and
NFKD remove the distinction between math alphanumeric alphabets, mapping all of them
to plain ASCII or Greek characters. As a result they would destroy the semantics of many
mathematical expressions, and should never be used with mathematical texts.
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2.7 Operators

The Mathematical Operators  (U+2200? U+22FF) andSupplemental Mathematical O p-
erators (U+2A00? U+2AFF) blocks contain many mathematical operators, relations, ge
metric symbols and other symbols with special usages confined largely toathematical
contexts. In addition to the characters in these blocks, mathematical operators are also
found in the Basic Latin (ASCII) andLatin -1 Supplement Blocks . A few of the symbols
from the Miscellaneous Technical block and characters fromGeneral Punctuation are
also used in mathematical notation. The allocation of any operator to a particular block is
rarely significant.

Semantics. Mathematical operators often have moe than one meaning in different subdi-
AEPI ETAO 10 AEZEZAOCAT O AT 1 OA@0O0O8 &i O AgAi Pl An
mathematical context, but might refer to concatenation in a computer science context dea
ing with strings, or incrementation, a have any number of other functions in given co-
texts. Therefore the Unicode Standard only encodes a single character for a single symbolic
form. There are numerous other instances in which several semantic values can be attr
buted to the same Unicode vaie. For example, U+2218 RINGOPERATORMAY be the equia-
lent of white small circleor composite functionor apl jot. The Unicode Standard does not
attempt to distinguish all possible semantic values that may be applied to mathematical
operators or relational symbols. It is up to the application or user to distinguish such mea
ings according to the appropriate context. Where information is available about the usage
(or usages) of particular symbols, it has been indicated in the character annotations in the
code charts printed in Unicode] and in the online code charts[Chartd].

Similar Glyphs. The Standard includes many characters that appear to be quite similar to
one another, but that may convey different meaning in a given context. On the other hand,
mathematical operators, and especially relation symbols, may appear in various standards,
handbooks, and fonts with a large number of purely graphical variants. Wheneariants
were recognizable as such from the sources, they were not encoded separately.

For relation symbols, the choice of a vertical or forwareslanting stroke typically seems to
be an aesthetic one, but both slants might appear in a given context. Howeva back
slanted stroke almost always has a distinct meaning compared to the forwaislanted
stroke. SeeSection 2.18Variation Selectorfor more information on some particular va-
riants.

Unifications. Mathematical operators such asimpliesand if and only if have been unified
with the corresponding arrows (U+21D2t RIGHTWARD®OUBLEARROWaNd U+2194P  LEFT
RIGHTARROW respectively) in the Arrows block.

The operator U+2208" ELEMENTOFiS occasionally rendered with a taller shape than shown
in the code charts. Mathematical handbooks and standards treat these characters as v
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riants of the same glyph. U+220A smALLELEMENTOF is a distinctively small version of the
element ofthat originates in mathematical pi fonts. (Is glyph should be upright, not
slanted).

The operators U+226B MUCHGREATERTHAN and U+226AL MUCHLESSTHAN are somdimes
rendered in a nested shape, but the Unicodgtandard provides a single encoding for each
operator.

A large class of unifications applies to variants of relation symbols involving equality, simi
larity, and/or negation. Variants involving one or two-barred equal signs one or two-tilde
similarity signs, and vertical or slantednegation slashesand negation slashef different
lengths are not separately encoded. Thus, for example, U+22R8NEITHERA SUBSETDFNOR
EQUALTO, is the archetype for at least six different glyph variants noted in variousltiections.

In a few exceptional instances, essentially stylistic variants are separately encoded because
the need for roundtrip character mapping to other standards that distinguish the two
forms. Examples include U+226% GREATERTHANOREQUALTO, Which is distinguished from
U+2267| GREATERTHANOVEREQUALTO; the same distinction applies to U+2264 LESSTHANOR
EQUALTOand U+2266L LESSTHANOVEREQUALTO.

Greek-Derived Operators. Several mathematical operators derived from Greek characters
havebeen given separate encodings because they are used differently than the corresgon
ing letters. These operators may occasionally occur in context with Greddtter variables.
They include U+2206Y INCREMENT U+220FB N-ARYPRoDUCT and U+2211B N-ARYSUMMATION.
The latter two are large operators that take limits. Some typographical aspects of operators
are discussed inSection 3.2Classification by Typographical BehavioFor example, then-
ary operators are distinguished from letter variables by their larger size and the fact that
they take limit expressions.

Minus sign. U+2212 MmiNussIGNIS the preferred representation of the unary and binary
minus sign rather than the ASCiterived U+002D- HYPHENMINUS becauseaminus signis un-
ambiguous and because it is rendered with a more desirable length, usually longer than a
hyphen

Miscellaneous Symbols. The symbol U+2205' empTYseTis distinct from the letters @
(U+00D8) and @ (U+00F8), even thoughE OhistOrically derived from the letter forms. A
widespread alternate symbol for the empty set is a slashedigit zero. This can be encoded
as U+0030biGiTzerofollowed by U+0338COMBINING.ONGSOLIDUSVERLAY

The range from U+22EEto U+22F1E contains aset of ellipses used in matrix notation.

U+2023 11 TRIANGULAR BULLEBNd U+25B8Z BLACK RIGHIPOINTING SMALL TRIANGL&re not
intended to be distinct in appearance. For historical reasons these tware encoded sep-
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rately and not made canonical equivalentsf each other. U+25B& is the preferred charac-
ter.

2.8 Superscripts and Subscripts

The Superscripts and Subscriptsblock (U+2070..U+209F) together with U+00B2 2,
U+00B3 3, and U+00B9* contain a collection of superscript and subscript digits and pur
tuation that can be useful in mathematics. If they are used, it is recommended that they be
displayed with the same font size as other subscrip and superscripts at the corresponding
nested script level. For example¥and a<super>2</super> should be displayed the same.
However, these subscript/superscript characters are not used in MathML oFgX and their

use with XML documents for mathematicluse is discouraged, seé&nicode Technical [R-
port #20, Unicode in XML and other Markup LanguagBdXML]. Editors for these formats
may offer facilities to convert these characters toegular characters plus markup.

Parsing of Superscript and Subscript Digits. Unlike regular digits the superscript and
subscript digits have not been given the General Category property of Decimal_Digit (Nd).
This prevents expressions like 2 from being interpreted as 23 by simplistic numeric pas-
ers. More sophisticated numeric parsers, such as general mathematical expression parsers,
can nevertheless choose to identify these compatibility superscript and subscript chara
ters as digits and interpret them gpropriately within their own scope.

2.9 Arrows

Arrows are used for a variety of purposes in mathematics and elsewhere, such as to imply
directional relation, to show logical derivation or implication, and to represent the cursor
control keys. Accordingly Uniode includes a fairly extensive set of arrowdJ+2190..
U+21FF,U+27F0..U+27FF, U+2900..U+297F, many of which appear in mathematics. It does
not attempt to encode every possible stylistic variant of arrows separately, especially
where their use is mainly decorative. For most arrow variants, the Unicode Standard pr
vides encodings in the two horizontal directions, often in the four cardinal directions. For
the single and double arrows, the Unicode Standard provides encodings in eight directions.

Unifications . Arrows expressing mathematical relations have been encoded in therows
block as well as inSupplemental Arrows -A and Supplemental Arrows -B. An example is
U+21D2+ RIGHTWARD®OUBLEARROW Which may be used to denotémplies. Where available,
such usage information is indicated in the @mnotations to individual characters in the Un-
icode Standard 5.0 5.0}, Chapter 17,Code Chartsand in theonline code charts[Chartg.

Long Arrows. The long arrows encoded in the range U+27F5..U+27FF map to standard
SGML entity sets supported by MathML. Long arrows represent distinct semantics from
their short counterparts, rather than mere stylistic glyph differences. For example, the
shorter forms of arrows are often used in connection with limits, whereas the longer ones
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are associated with mappings. The use of the long arrows is so common that they wege a
signed entity names in the ISOAMSA entity set, one of teeites of mathematical symbol
entity sets covered by the Unicode Standard.

2.10 Delimiters

The mathematical white square brackets, angle brackets, and double angle brackets e
coded at U+27E6..U+27EB are intended for ordinary use of these particular bracket types.
They are unambiguously narrow, ér use in mathematical and scientific notation, and
should be distinguished from the corresponding wide forms of white square bracketspa
gle brackets, and double angle brackets used in CJK typography. (SeeGhiE Symbols and
Punctuation block.)

For ordinary tortoise-shell brackets, the use of U+2772 LIGHTLEFTTORTOISBSHELIBRACKETR-
NAMENT and U+2773 LIGHTRIGHTTORTOISESHELLBRACKETORNAMENTIS recommended for na-
thematical use, instead of the CJK Punctuation characters at U+3014 and U+3015. In this
instance [Unicode] relaxes the constraint on the design of th@®ingbats block, which is that
glyphs for characters in this block are intended to match the design of the popular Zapf
Dingbats.

The set of lenticular brackets in the CIK Punctuation block has not been duplicated because
mathematical use has not yet been demonstrated. Ftencontaining ‘wide glyphs' for these
characters that include white space padding, are unsuitable for mathematical or other non
CJK use.

A N s~ s

Deprecated Delimiters. 4 EA AT CI A AOAAEAOO & Oi A1 U Al EAOA

4 LEFTPOINTINGANGLEBRACKETaNd U+232A s RIGHTPOINTINGANGLEBRACKET are now depe-
cated for use with mathematics because their canonical equivalence to CJK angle brackets
is likely to result in unintended spacing problems when used in mathematical formulaén-
stead one should us&J+27E8 and U+27EY, respectively.

Horizontal Delimiters. Delimiters are often used horizontally, where they expand to the
width of the expression they encompass, as in this example fromdX.

Qtimes
$3\ overbrace{x+\ cdots+x}Mk \rm\ ;times}$$ o+ E + &
$$\ underbrace{x+y+z} {>\,0}.$$ W+ W+ A

>0

By providing character codes for these delimiters, mathematical layout systems can be-d
signed so that both regular and horizontal delimiters are encoded as characters, with ma
kup designatingthe scope where necessary. When the horizontal mathematical brackets
are used, all other letters, symbols and digits remain upright as illustrated in the example
above. Table 2.3 lists the Unicode characters for horizontal delimiters.
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Table 2.3 : Horizonta | Delimiters

Code Description

23B4 Y TOP SQUARE BRACKET

23B5 Yy BOTTOM SQUARE BRACKET

23DC TOP PARENTHESIS

23DD BOTTOM PARENTHESIS

23DE TOP CURLY BRACKET

23DF BOTTOM CURLY BRACKET

23E0 TOP TORTOISE SHELL BRACKET
23E1 BOTTOM TORTOISEHELL BRACKET

Use of horizontal delimiters is different from horizontal display of delimiters in vertical
layout of East Asian text, where ideographic characters remain upright,
but non-ideographic characters (letters, digits) are rotated 90°For exam-
ple, the parentheses in the vertical text in the figure to the right have very
different rendering from the under/overbrace examples above.

The CJK Compatibility Forms U+FE35 through U+FE39 have shapes
that are superficially similar to the horizontal delimiters, but these chara-
ters are not mathematical and have quite different rendering requie-
ments. They are encoded for compatibility with character sets that usexe
plicit character codes for the vertical glyph variants of punctuation chare
ters. Like aher CJK punctuation, CJK Compatibility Forms have theAW]
property of W (wide) and are typically implemented in one half of an EM
square, with the other half empty. Layout algorithms using theseharac-
ters predict the empty half cel based on the character code, and reduce intercharacter
spacing accordingly in some circumstances.

Floors and Ceilings. Ideal forms of floors and ceilings are shaped like tall sarserif L
shapes, with their horizontal and vertical reflections appropriatly translated about, with
floors extending below the baseline and ceilings ending at about cap height. Stroke width
tends to be uniform. The horizontal foot is short, but not too short. It should be noted that
because mathematical notation uses these symls in distinction to both square brackets
and ordinary (quine) corners, adherence to these specifications is critical to allow unarmb
guous recognition.

Vertical lines. There are two series of characters that consist of one or more vertical lines
and which have specific use in mathematics. These are shown in Table 2.4.
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