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1. Background

This proposal is part of the research program upon historical mathematical sources, conducted by
the CNRS Philiumm project (headed by Prof. David Rabouin, University of Paris) and supported
by researchers from the Landesbibliothek Hanover (Germany). The aim of this project work is

to achieve a standardized encoding for special mathematical characters in historic texts, which is
required for accurate facsilime editions of those sources.

For more background information about the Philiumm project and the related research work,
please visit the Philiumm website or see doc. no. N5277.

2. Letterlike symbols in historic sources
Mainly letters of the Latin and Greek alphabets have been transformed in many ways in order to
get distinguishable symbols for specific purposes. A usual method of abbreviating frequently oc-
curing words was by attaching some sort of extra marking to a base letter; this can be a stroke or
slash, a loop or other details. Monetary symbols fall into the category of peculiar shaped abbrevia-
tion letters, which became standard for a particular connotation (e.g. £ for libra/pound, @ for at, R
for Recipe).
A central question for the characters proposed here is, wether to encode them

a) as letters or

b) as symbols.

We will explain for each case, why we think a) or b) would be appropriate. By their origin, some
of the proposed characters are derived from Latin letters, some are derived from Greek letters. One
case is of a Greek-Latin hybrid nature.

Revision remark: There are two changes made: a) the P’ character has been identified as an abbre-

viation ligature (or monogram) and was given a new glyph and name; b) the Greek capital ¥ has
been dropped from this version.
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3. Characters
If this proposal gets accepted, the following characters will exist:

00 ALPHA X SYMBOL

P’ FUNCTIO DIFFERENTIATA SYMBOL

X DOUBLE X SYMBOL

GU  DOUBLE SMALL SIGMA SYMBOL

8 GREEK SMALL LETTER OMICRON UPSILON

For one character we propose a variation sequence:

1@ LOWERCASE KURRENT X - variation sequence to U+1D4CD

6@ Leibniz-Akademie-Ausgabe (LAA, general edition of Leibniz’s writings)

online LAA series VII (mathematical manuscripts, volumes 3 to 7 available online)
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4. Figures and explanations

558 JOHANN BERNOULLI AN LEIBNIZ, 14. (24.) August 1697 N.134

illarum portionum, quod sic facio: QuonialeC seu « dal,t.\.12r pser a, ejus differentialis dabi-
tur per da; sit itaque VC —V(C) seu da = ada,?d (per a, a, a etc. intelligo quantitates26
diversimode datas per a). Sit jam V B, z; ergo paivicala curvae ; C3C dabitur per dz affec-
tam quantitate composita ex ~ v ¢ (nujusmu X auantitates datas per z et « quaec.~que
5 hic occurrere possunt, vocabo?7 g, 0140, a?a, c?a etc.) sit itaque 1C2C - - oodz; jam si diffe-
rentietur C2C secundum a, maco-mte » hebolpur 1CoC — 1 FoF sea doodr = ;adzda,zs
hoe si iterum summetur sed secundum z manente a, erit VC — VF .= da f wdz = (quie
|l c;ad:r datur per a et z) q?ada; quoniam vero supra inventum est TN — V=
VG = VE'= 1 F(G) = euda — E(C), habebitus F(C) = suda/— cdatlaitn i
10 datur per z et a, si secundum a differentietur manente x, proveniet F'C' data per da, esto
ergo F'C' = ogda. Unde si ducatur BA Luianela 1pst #(C) 1a esi *angenti curvae datae
VF, et sifiat CB.B0 :: FC.F(C) :: c;ada - clrda.;ada e 020 - (;.o?o,% t anget ducta CO
curvam C(C)((C)) in puncto C. S1 nw:~ reonla generalis inverty aa certum exemplum
esset applicanda dispiciendum tantum esset quid sit gZa, (11, et ;a primum enim et ultimum
15 semper dabuntur per a et x promiscue, medium vero per a tantum; dari per a et z, vel

per a, comprehendo etiam quando transcendenter vel ut Tu vocas quadratorie dantur:
hoc enim processum regulae generalis non impedit.

op ALPHA X SYMBOL

The author Johann (I) Bernoulli (1667-1748) uses a for ‘a quantity depending on a’. In analogy,
he merges a and x into one new symbol to denote a ‘quantity depending on the variables a and x’
(in modern terminology ‘a function in a and x”). LAA III-7 p. 558

oo ALPHA X SYMBOL

Handwriting of Johann Bernoulli, in a letter to G. W. Leibniz, 1697. The corresponding part of text
to the image above. GWLB, LBr. 57,1 211v
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  LBr 57,1 https://digitale-sammlungen.gwlb.de/sammlungen/sammlungsliste/werksansicht?tx_dlf%5Bhighlight_word%5D=LBr%2057%201&tx_dlf%5Bid%5D=9892&tx_dlf%5Bpage%5D=1&cHash=cb10694b7fd05eb15c10a4d6beb438a2
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oo ALPHA X SYMBOL

Handwriting of Johann Bernoulli, in a letter to G. W. Leibniz, 1697.
GWLB, LBr. 57,1 212r
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N. 206 JOHANN BERNOULLI FUR LEIBNIZ, Beilage zu N. 205 817

differat ab RO particula infinite parva IO, censetur tamen in speculatione curvarum
non solum ut ipsi aequalis sed prorsus tanquam eadem; quamdiu enim curvae particula
infinite parva F'O consideratur ut lineola recta, tunc singulae applicatae inter PF et RO
cum legem mutationis curvaturae nondum subeant haberi possunt pro una eademque
applicata, quasi nempe singulae ipsi PF absolute essent aequales: eodem modo quia we
considero ut rectam lineolam singulae applicatae inter pw et myp utpote legem mutatio-
nis curvaturae pariter non subenntes possunl pic sc invicem sumi adeoque eaedem poni
cum 7); si igitti, mquam, loco RO sumatur aequipollens PF et loco pw aequipollens
7, habebitur FO x DPF = gw x Py adeoque DPF ad Prp ut gw (¢0) ad FO
ut sin. OFp ad sin. OpF et permutando PPF ad sin. OFp ut Pry ad sin. OpF.
Hinc cum F sit subteusa arens curvae infinite parvi FO», 2dcoque angulus OFp et
OgF haberi possit pro semisse anguli curvedinis in F et ¢, erit PPF ad sinum cur-
vedinis in F' ut Pmy ad sinum curvedinis in ¢; hoc est in ratione constanti. Problema
itaque ad pure analyticum redactum huc redit: Ut quaeratur curva BF ¢y
ejus naturae ut sinus ewrvedinig - in singulis punehbis =
sit ad functionem differentiatam (neglecta differentiali)
suae respective applicatae PF , in ratione constante. Hoc

P FUNCTIO DIFFERENTIATA SYMBOL
Another special symbol invented by Johann Bernoulli: a monogram built of capital F and D is used
here to denote the Functio Differentiata. — LAA11I-7 p. 817

P FUNCTIO DIFFERENTIATA SYMBOL
From a letter by Johann Bernoulli to G. W. Leibniz; LBr. 57,1 fol. 242r
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P FUNCTIO DIFFERENTIATA SYMBOL
From the same letter by Johann Bernoulli to G. W. Leibniz; LBr. 57,1 fol. 242v
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N. 44 DIFFERENZEN, FOLGEN, REIHEN 1672-1676 643

l
2 + v L 7a

Et ut compendio consulamus licebit ) ita enuntiare: % —. Tantum
¥ +ytoa

ergo notemus; £ pendere ex e. pex r.or ex 7 et 5. A ex l et n. ~t 7 fx Ln.p. Igitur

M faciet:
e
pay®
s n %
+o3l .. +oran.. +ora‘p
+ T ..
F{ + 1A+ rma. n »?

+ sl ..+ saA.+ sa’m
Sed iam ex numeratore ®% + )9 intelligo conferendo cum calculo superiore, nul-
lum hic a compendio seu brachylogia haberi lucrum, nisi forte in nominatore, cum hic
per brachylogiam tantum novem habeantur quantitates, partes formulae, supra ‘ver‘o 14.
[taque retento superiore numeratore, quia nullum a comprehensione .eu brachyiceia lu-
crum, nominatorem novum adhibeamus, multiplicando: y? +ry+<a, per y2oy +ova. Sed

. ; sati or
ne in lapsum proc);ves s;mus describendo ob affinitatem r et g, et s et o, satius ergr p‘ro
£ e o

o adhibere ¢ et pro or adaibere, 7. et y? +ry + sa, multiplicata per y~ -

o DOUBLE SMALL SIGMA SYMBOL
Leibniz used this symbol for a quantity in the same way as he used Roman letters or other Greek
letters, such as gamma, epsilon, lambda, pi, phi or omega; as shown in this example.
LAA VII-3 p. 643
The shape of this character evolves when two small Sigmas — ¢ ¢ — are written as a ligature in one
movement: 6u. Alternative name options for DOUBLE SMALL SIGMA SYMBOL are:

SMALL SIGMA SIGMA SYMBOL (char. property: Sm),

GREEK SMALL LIGATURE SIGMA SIGMA (char. property: Ll).

376 ARITHMETISCHE KREISQUADRATUR 1673-1676 N.32
(1) 2 (2)
an Ty or n 2y.
(3) 2 g (4)
aﬂ—y—zi, or 2y — 2%

(=]
)

23 (5) 2
2y 2y g 0% 8y
T ohiye YIT YNna
2° da
arc N 2y — ——.
T "ita2
3 5 7
Si tangens y, arcus a, erit ang—y—+y——y—et,c_
1 3 D 7
2 2y 25 2T
et duplus arcus erit 2an—y——+i—ietc.

o DOUBLE SMALL SIGMA SYMBOL - LAA VII-6 p. 376
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414 DE AEQUATIONE SOLIDA DATA CONSTRUENDA, Oktober — Dezember 1674  N.39
_ _g2 —d+2d%) - §* [—dg)+ &
—3%n w Ergo ca n +2a9i%92 [ d§) ¢ [ l .

4 4
{+

§2

Ergo + d2 n2a? * — 9 + Ergo n 2a? ¥ 9 vel N —. Quod profecto elegans

§2
est theorema. s n 49"
Aequatio factitia ad Circulum facillime etiam exhibetur: 22 + y? + ez +6a — Ay n 0.
5 conferenda cum w? + z° — oow +- &€z n 0. Explicetur w n y + D, fiet:
v 2Dy 4+ D? ~z2+&xn 0.
SN k=27 )

Conferendo fiet e n €. ) nor— 2. siveor n A+2). Unde —orD 1 —AD — 2D2
Ergo fa n —A D — »?. Facile ereo habetur ) ergo et or.

o DOUBLE SMALL SIGMA SYMBOL - LAA VII-7 p. 414
The following figure shows the manuscript source of that text (LH 35 XIII 3, fol. 161r):

a’

(11
1 123 112345 1,234567
a

2 al ab a®

12 1,234 " 1,2,8850 1 2,8,4:6:65 55

14 Darunter: [dav n segm. nov. [adoy n [adav. dav n dov. Ergovelvn%

{
vel a n

) Jdav nos

<|§

o DOUBLE SMALL SIGMA SYMBOL
LAA VII-6 p. 401
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vr'vv.,
- w&t{""{t’,d’_
'f“""w"‘ A

oot fou

o DOUBLE SMALL SIGMA SYMBOL

LH 35117, fol. 14r
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810 DIFFERENZEN, FOLGEN, REIHEN 1672-1676 N. 67

[Leibniz]
Al [l

r ¥ S

ya. 1.3
p AR O e
q (e
s TR e
t S
v
w [Fig. 1)
[Tschirnhaus]
Bt e
T T N AT
§|E |@ e IR LR,
ST A JUARNE p

8 GREEK SMALL LETTER OMICRON UPSILON, LAA VII-3 p. 810

The context of the scheme beginning with yz w 8 (in the 1st line) shows evidence for this
character being a Greek letter taken as a mathematical symbol, which must not get confused with
other, similar looking characters.

328 DE CONSTRUCTIONE AEQUATIONUM SOLIDARUM, September - Oktober 1674 N. ;

b » o .2 H = e
autem v loco ¢, quia nihil necesse est assurgere ad quadratum. Ergo valor ipsi

rwird 2vqb
*? P ?—u.,r‘ + 4b*g +—iq -rp
est AT 4 - . Sunt ergo lineae ducendae,
+rm+ — # —-g"—.lb‘q_ﬁq
X r hE T
o £
5 arl . /\r:’
o e e i N —
ETll n—_—-’b{welﬂ*}-g Qb} 2 gn 2 =3) t
9 9 Fr¥ —
2t :
hr _ dqhg? 22, 27gb ,
$ar3.-_. 3 o' 2 R 4bg +h9 g
R i n2+ £ nh Prn t L 77 r
+rg & — dbg — =
S i Bl
B E RS = A. et b. sunt quanutates arbitrariae.
g
Yr+pPr g 2
Kdn——+= rnrm+ —
% 0 8 i
—Brl — gl + 2r*n T
o e orlg) 1 Brg ¥ —g°
2¢g t

Habemus ergo regulam generalem construendi problema solidum datum, ope sec

8 GREEK SMALL LETTER OMICRON UPSILON - LAA VII-7 p. 328
Leibniz used that symbol, which is derived from a Greek minuscule ligature ov, for denoting a
variable, alongside with e.g.  or w and latin lowercase letters.
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8 GREEK SMALL LETTER OMICRON UPSILON,
Leibniz’s handwriting, LH 351 17, fol. 5r
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X DOUBLE X SYMBOL - LH 35 1I 1, fol. 252r

In contrast to the simple symbol x Leibniz needed another symbol to denote “pro omnibus x” (“for
all x’), meaning “the sum of x’s”.

In our first proposal (L-2402n) we presented the glyph XX for it, but we have reviewed this charac-
ter in the manuscript source and decided to revise the glyph so that it better represents the original.
In that earlier stage the shape XX, which looks like a letter ligature, led to the idea wether a case
pairing lowercase/capital would make sense here. After thorough consideration we came to the
conclusion that X is the much preferred reference glyph. It is not a ligature in the usual typo-
graphic sense but a more complex composition built of two X’s. Therefore case pairing would not
make any sense at all. X does never occur with any phonetic value, it exists only in a math context
and has no reference to casing behaviour. (If someone would come up one day with a proposal for
a language-related xx/XX ligature, that would be another matter.)

274 INFINITESIMALMATHEMATIK 1670-1673 N.165

leb. 27 2xb. 3" 3zb. esse nihil 2'iud y1am summam \'°'¥™ quorum altitudo omnia
b. vel ipsa a. basis omnia z. vel ijsa X eque continue diminuta. Inde a basi, sibi su-
perposita horum elementa crescunt ot pa-allelepipeda, quorum latera crescunt m n
ratione numerorum naturalium seu ut quadrata, quorum radices sunt numeri naturales:
nam v.g. parallelepipedum 4zb. ergo radix O aequalis: 2Rqzb. et pro Rgq,9.zb, fiet
3 Rq zb. et ita porro. REELT

This unsuitable typographic solution in the LAA edition has been disregarded.
LAA VII-4 p. 274
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824 INFINITESIMALMATHEMATIK 16701673 N.5lg

incognitae vel indeterminatae, nec altera in alterius locum substitui potest, cum aequatio
illa, quae relationem ipsius ¢ ad y exprimat, quaeratur.
ZN? NM

a . . . . RS . .
— 5 quae si applicata ad ipsam unitatem constructionis intelligantur, fiet

I

£ u
Dn

momentum trianguli CBN ZC ex C'Z. Momentum vero rectanguli CLN Z,

i g " = : : L
fiet Ty po ita 4o m xima = C'L. a qua si auferatur momentum figurae ipsius CLN BC

restabit utiqu~ mewaentum trilinei quod supra. Momentum autem figurae habebitur,

: ) 2
CL%y ~p va iab. y “C%
: : : : : ax
ductis NL =y, in x, fiet 22y — summa omnium LY = o

At figuram talem invenire difficillimum haud dubie problema est, non minus quam
propositum, quodque etiam pendet ex hyperbolae quadratura. Et memorabilia sunt e-
insmodi problemata, quoniam iis similia nunquam hactenus proposita sunt.

Sed si y per suum valorem exprimamus, vereor ne aequatio fiat eilusdem cum eodem,
tentandum tamen|:]

= - oY =1 y:r—a$+z:2y—a:2y+:cy
Y= ———%+ differentia inter = et ——= per x seu = = Ergo
2 2 2 2
2
af" — &% @ = summa omnium yz — azx + :.f:2y — x2y Sl Ty .
2zyt ar

Atque ita habemus problemata quae in quadraturis fundantur, seu quae magnitudine
quorundam spatiorum locum determinant, uti communia magnitudine rectarum.

Differentiae in abscissas ductae, conflant spatium ut NZCBN. Id ergo spatium hoc
loco aequatur @ in CL ducto, cum rectangulum QM B (quia QN et @M non differunt)

3 ZN?2 NMerg. L 6 poiitapmarima=CL.erg. L 8 CL’y; Agvar ab. y; a CL2 ery. L

4 ~pist cie laufende Variable mit der oberen Grenze x. 14f. Ergo: bei konsequentem Rechnen
miis: ten die ¥ orzeichen auf der linken Seite vertauscht werden. \& und \y bezeichnen hier die oberen

Grenzen.

1 (LOWERCASE KURRENT X)
This page shows a deliberate distinction between the normal Latin x and a German kurrent-style .
In this case, the kurrent ¥ is used in the context of analyzing properties of curves. In a modern cor-
respondence, it could be described as a variable on which the curve depends and which is limited
by a given x. — LAA VII-4 p. 824

We propose to encode this character as:

1D4CD FEO00; kurrent style; # MATHEMATICAL SCRIPT SMALL X

— analogous to the character we proposed in the Cossic proposal (L-2518):

1D4CF FE00; kurrent style; # MATHEMATICAL SCRIPT SMALL Z
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v (LOWERCASE KURRENT X)
The corresponding text part, which shows a clear distincion between x and .
Ms. LH 35 XIII 3, fol. 251r.

5. Unicode Character Properties

xh01l;ALPHA X SYMBOL;Sm;0;O0ON;;;;;N;:::;

bl
=p
o
(6]
@
o
3]
2]
=
%
-
=
=
3]
H
H
3]
w
o
=
H
Q
)
o
2
[
ae)
n
H
=
o
2
o~
= N

1D4CD FEO00; kurrent style; # MATHEMATICAL SCRIPT SMALL X

6. Bibliography
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Probst, Siegmund: Edition des symboles de Leibniz. PDF. Hanover 2023 (presentation Paris 2023)
Rinner, Elisabeth: List of glyphs in Leib.mf. PDF. Hanover 2022
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information needed for consideration by the Unicode Technical Committee for inclusion in the Unicode Standard.

' Form number: N4502-F (Original 1994-10-14; Revised 1995-01, 1995-04, 1996-04, 1996-08, 1999-03, 2001-05, 2001-09, 2003-
11, 2005-01, 2005-09, 2005-10, 2007-03, 2008-05, 2009-11, 2011-03, 2012-01)




C. Technical - Justification

1. Has this proposal for addition of character(s) been submitted before? Yes
If YES explain see N5335 (L-2520); N5277 (L-2402n) T
2. Has contact been made to members of the user community (for example: National Body,
user groups of the script or characters, other experts, etc.)? Yes
If YES, with whom? Leibniz-Archiv, Forschungsstelle der Leibniz-Edition,

Niedersdchsische Landesbibliothek (GWLB), Hanover,
Gottingen Academy of Science and Humanities in Lower Saxony (DE),
Philiumm research group of CNRS (UMR 7219, laboratoire SPHERE) /

Université de Paris VII;
general: scholars, researchers, authors and editors working in the field of
science history and upon editions of historic text corpora (e.g. of G. W.
Leibniz, but also many others)

If YES, available relevant documents: L-2409,1.-2410

3. Information on the user community for the proposed characters (for example: T

size, demographics, information technology use, or publishing use) is included? Yes

Reference:
4. The context of use for the proposed characters (type of use; common or rare) ClsiiinGn

Reference: __ mainly specialist usage, scholarly, worldwide
5. Are the proposed characters in current use by the user community? Yes

If YES, where? Reference: mainly Europe, Americas; other countries
6. After giving due considerations to the principies in the P&P document must the proposed characters be entirely

in the BMP? No

If YES, is a rationale provided?
If YES, reference:
7. Should the proposed characters be kept together in a contiguous range (rather than being scattered)? No
8. Can any of the proposed characters be considered a presentation form of an existing
character or character sequence? No
If YES, is a rationale for its inclusion provided? T
If YES, reference:
9. Can any of the proposed characters be encoded using a composed character sequence of either
existing characters or other proposed characters? No
If YES, is a rationale for its inclusion provided? T
If YES, reference:
10. Can any of the proposed character(s) be considered to be similar (in appearance or function)
to, or could be confused with, an existing character? No
If YES, is a rationale for its inclusion provided? T
If YES, reference:
11. Does the proposal include use of combining characters and/or use of composite sequences? No
If YES, is a rationale for such use provided?
If YES, reference:
Is a list of composite sequences and their corresponding glyph images (graphic symbols) provided? No
If YES, reference:
12. Does the proposal contain characters with any special properties such as
control function or similar semantics? No
If YES, describe in detail (include attachment if necessary)

13. Does the proposal contain any ldeographic compatibility characters? No

If YES, are the equivalent corresponding unified ideographic characters identified? 77
If YES, reference:




